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PREFACE. 


THIS  little  volume  would  have  had  its  natural  place  as  Part  III 
of  Euclid  Revised,  had  not  that  Book  extended  to  a  quite  sufficient 
size  in  its  present  form.  But,  mindful  of  the  maxim — 'Great 
book,  great  evil ' — the  Editor  thought  that  it  would  be  better  to 
make  a  separate  volume  of  those  parts  of  Euclid's  Eleventh  and 
Twelfth  Books,  which  are,  by  common  consent,  desirable  for  a 
student;  with  such  analogous  additional  matter  as  it  might  seem 
advisable  to  treat  from  a  purely  geometrical  standpoint.  There  is 
too  the  additional  reason  for  taking  this  course,  that  the  number 
of  those  who  extend  the  study  of  Geometry  from  two  to  three 
dimensions  is  few  compared  with  the  number  who  content  them- 
selves with  what  can  be  done  in  one  plane.  No  doubt  the  con- 
ception of  solid  figures,  beyond  the  very  simplest,  is  difficult ;  and 
the  graphic  exhibition  of  them  is  perhaps  more  difficult  still.  Yet 
there  can  be  no  doubt  also  that  the  study  of  Pure  Geometry  in 
Space  is  of  immense  value,  whether  considered  as  a  mental  dis- 
cipline, or  with  regard  to  its  utility  for  other  purposes. 

Respecting  the  range  and  amount  of  matter  that  should  be 
included  in  a  treatise  designed  to  give  an  introduction  to  the  purely 
geometrical  treatment  of  figures  in  space,  the  Editor  has  had  diffi- 
culty in  coming  to  a  decision ;  and  he  would  put  forward  what 
is  here  given  as,  to  a  considerable  extent,  tentative.  Thus,  for 
example,  it  was  originally  intended  that  there  should  be  a  separate 
chapter  on  Surface  Spherics ;  but,  on  reflection,  it  appeared  dubious 
whether  such  a  chapter  would  not  be  a  'game  not  worth  the 
candle ' — adding  to  the  expense  of  the  book,  and  not  really  wanted. 
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The  consideration  of  these  figures  is  therefore  barely  touched  on, 
in  a  few  Definitions  and  Exercises. 

The  utmost  brevity  of  expression  in  the  reasoning  has  been 
aimed  at.  Condensation,  valuable  everywhere,  is  peculiarly  valuable 
here ;  for  the  subject  has  a  natural  tendency  to  prolixity ;  and  it 
is  easy  to  extend  its  proofs  to  an  appalling  length.  Indeed  it  is 
likely  that  the  extreme  tedium,  which  a  too  strict  adherence  to 
the  syllogistic  form,  in  the  exhibition  of  its  reasonings,  inevitably 
involves,  has  been  a  main  cause  of  the  neglect  of  Pure  Geometry 
in  Space. 

Among  treatises  of  a  similar  character  the  Editor's  obligations 
are  chiefly  due  to  the  Geometric  dans  VEspace,  par  RoucM  et  De 
Comberousse ;  and  to  the  Solid  Geometry,  composed  by  the  late 
Professor  De  Morgan,  and  published  by  the  Society  for  the  Diffu- 
sion of  Useful  Knowledge.  With  Mr.  Wilson's  Solid  Geometry  he 
has  long  been  familiar,  but  he  has  not  consciously  made  any  use 
of  that  work;  and  where  points  of  resemblance  exist  between  it 
and  his  own,  they  are  due  (he  believes)  to  some  common  source 
from  which  the  two  have  drawn. 

The  Editor  has  to  thank  his  Cambridge  friends  (quonda??i  pupils), 
Mr.  C.  V.  Coates,  of  Trinity  College,  and  Mr.  Alexander  Larmor, 
of  Clare  College — the  former  for  reading  the  proof  sheets,  and  the 
latter  for  writing  the  Appendix  on  The  Geometrical  Theory  of  Per- 
spective in  Space,  based  on  his  own  Paper  in  The  Quarterly  Journal 
<f  Jfathematics :  No.  84,  1886. 

Opinions  on  the  work,  and  especially  on  the  advisability  of  ex- 
panding or  contracting  it,  will  be  thankfully  received. 


ROYAL  ACADEMICAL  INSTITUTION,  BELFAST. 
January,  1888. 
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ERRATUM. 

In  all  cases,  for  frustmm  read  frustum 

Nixon's  Geometry  in  Space. 


CHAPTER  I. 


PLANES    AND    SOLID    ANGLES. 


PRELIMINARY. 

Def— The  geometrical  conception  of  position  with  the  two 
extensions  of  length  and  breadth,  but  not  the  extension  of  thickness, 
is  called  surface;  and  when  a  surface  is  such  that  the  join  of 
every  pair  of  points  in  it  lies  wholly  on  that  surface,  the  surface 
is  called  a  plane. 

Note — If  a  given  line  and  plane  are  sufficiently  extended,  then  their  relative 
positions  will  afford  three  alternatives  :  the  line  must — 

i°,  lie  wholly  in  the  plane  ;  or 

2°,  meet  it  in  one  point  only  ;  or 

3°,  not  meet  it  at  all. 

In  other  words,  with  respect  to  any  plane,  every  line  is  in  it,  or  cuts  it,  or  is 
parallel  to  it. 

In  Plane  Geometry  the  figures  are  all  supposed  to  be  in  one 
plane :  the  consideration  of  figures  not  all  in  one  plane  gives  rise 
to  Geometry  in  Space.  In  the  latter  Science  the  figures  may  have 
the  three  extensions  of  length,  breadth  and  thickness;  and  then 
they  are  said  to  be  solid,  or  of  three  dimensions. 

Note — On  drawing  the  diagrams  of  solid  figures. 

If,  in  the  graphic  representation  of  a  solid  by  a 
diagram,  we  make  those  lines  which  are  equal  in  the 
solid  also  equal  in  its  picture,  the  diagram  is  said 
to  be  isometrical.  For  example,  the  adjoining  figure 
is  the  isometrical  representation  of  a  cube. 

Though  such  a  diagram  may  be  useful  (or  even 
indispensable)  in  cases  where  it  has  to  be  used 
as  a  plan  for  giving  proportional  measurement,  it 
does  not  give  the  idea  of  the  object  as  it  appears 
to  the  eye.  For  to  the  eye  receding  lines  are,  as  it 

is   called,  foreshortened  ;  and,  when  this  foreshortened   appearance  is  truly 
represented,  the  diagram  is  said  to  be  drawn  in  perspective. 
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Without  going  into  all  the  elaborate  processes  needed  for  the  complete  per- 
spective drawing  of  any  solid,  there  are  a  few  simple  rules,  whose  aid  will  be 
found  very  efficacious  as  a  means  of  getting  to  a  fair  perspective  approximation 
in  such  simple  cases  as  will  occur  in  the  present  work. 

It  will  be  necessary  to  premise  certain  technical  terms.  These  will  be  better 
understood  after  some  familiarity  with  the  subject  of  the  work  has  been 
attained. 

Def — The  vertical  line,  at  any  place,  is  the  direction  of  a  plumb-line  at 
that  place  ;  and  all  planes  through  the  vertical  line  are  vertical  planes. 

Def — A  horizontal  plane,  at  any  place,  is  any  plane  parallel  to  the  surface  of 
still  water  at  that  place  ;  and  all  lines  in  a  horizontal  plane  are  horizontal  lines. 
Of  course  all  horizontal  planes,  at  any  place,  are  perpendicular  to  the  vertical 
line  at  that  place. 

If  a  solid,  in  any  position,  has  lines  drawn  from  all  visible  points  on  it  to  the 
eye,  these  lines  are  considered  to  be  the  rays  by  which  it  is  seen.  When  the 
eye  is  fixed,  all  rays,  simultaneously  entering  it,  form  a  cone  of  rays,  whose  vertical 
angle  is  about  60°.  Any  plane  across  this  cone  of  rays,  and  perpendicular  to  its 
axis,  may  be  taken  as  the  picture-plane  ;  and  the  points  in  which  the  rays  are 
cut  by  the  picture- plane  form  the  image  of  the  solid  on  the  picture-plane.  The 
business  of  perspective  drawing  is  to  give  a  true  representation  of  this  image. 

Def — The  foot  of  the  perpendicular  from  the  eye  on  the  picture-plane  is 
called  the  centre  of  vision  ;  and  the  line,  in  the  picture-plane,  drawn  horizont- 
ally through  the  centre  of  vision  is  called  the  horizontal  line. 
The  following  are  rules  of  perspective  drawing — 
Rule  i — All  vertical  lines  in  the  object  are  vertical  in  its  image. 
Rule  2 — All  lines  in  the  object,  which  are   parallel   to  the  picture-plane, 
retain  their  original  relations  and  forms  in  its  image:    e.g.  parallels,  right 
angles,  and  equal  lines,  which  in  the  object  are  parallel  to  the  picture-plane, 
remain  respectively  parallels,  right  angles,  and  equal  lines,  in  its  image. 

Rule  3 — All  lines  in  the  object  which  are  parallel  to  each  other,  but  not 
parallel  to  the  picture-plane,  converge  to  points :  these  points  are  called 
vanishing  points. 

Rule  4-  All  lines  in  the  object,  which  are  perpendicular  to  the  picture-plane, 
have,  in  its  image,  the  centre  of  vision  as  vanishing  point. 

Rule  5 — All  parallel  horizontal  lines  in  the  object,  have,  in  its  image,  their 
Yanishing  points  in  the  horizontal  line. 

Rule  6— All  parallel  horizontal  planes  in  the  object,  converge,  in  its  image, 
to  the  horizontal  line. 

Rule  7— All  parallel  vertical  planes  in  the  object,  converge,  in  its  image,  to 
lines  perpendicular  to  the  horizontal  line. 

Rule  8— Circles  in  the  object  are,  in  its  image,  ellipses. 
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These  rules  are  exemplified  in  the  following  diagram,  representing  a  cube  set 
sideways  on  a  horizontal  rectangular  plane — the  right  and  left  hand  edges  of 
the  plane  being  perpendicular  to  the  picture-plane. 


C  is  the  centre  of  vision  ;  V  are  the  two  vanishing  points  of  the  edges  of  the 
cube. 

In  looking  at  the  diagram,  hold  the  page  vertically,  and  so  that  C  is  the  foot 
of  the  perpendicular  from  the  eye  on  the  page. 

In  the  subsequent  diagrams,  planes  will  sometimes  be  considered  as  trans- 
parent, and  sometimes  as  opaque:  in  the  latter  case  the  occult  lines  will 
occasionally  be  indicated  by  dotted  lines.  The  mode  of  representation  chosen 
will  be  that  which  seems  to  render  the  diagram  most  perspicuous.  It  will  be 
open  to  the  reader  to  treat  the  occult  lines  otherwise,  if  he  find  his  profit  in  so 
doing. 

The  Abbreviations  used  in  this  volume,  additional  to  those 
already  introduced  in  Euclid  Revised,  are — 

i°,  the  symbol  ||  Ped,  for  parallelepiped ;  and 

2<>,  some  verbal  contractions,  whose  meanings  will  be  obvious 
from  the  context  in  which  they  occur :  e.g.  pi',  surf,  vol',  cyl'5  pyr7, 
tet',  will  stand  respectively  for  plane,  surface,  volume,  cylinder, 
pyramid,  tetrahedron. 

E  •  R  •  means  Euclid  Revised. 
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Proposition  1. 

THEOREM — If  one  part  of  a  straight  line  is  in  a  plane, 
all  parts  of  it  arc  in  the  same  plane. 

As  this  property  of  a  straight  line  is  repeatedly  assumed  throughout  Euclid's 
Plane  Geometry,  it  seems  absurd  to  give  a  formal  proof  of  it  here.  In  fact  this 
so-called  Theorem  is  involved  in  the  idea  of  straightness,  which  is  that — If  two 
straight  lines  coincide  in  any  tivo  points  they  coincide  throughout  their  entire 
lengths. 

Axf — If  a  plane,  supposed  to  be  indefinitely  extended,  is  turned 
round  any  fixed  straight  line  in  itself,  as  a  hinge,  until  it  returns 
to  its  original  position,  it  will,  in  its  rotation,  have  passed  through 
every  point  in  space. 


Proposition  2. 

THEOREM — Two  intersecting  straight  lines  are  in  one, 
and  only  one,  plane. 


Let  AB,  CD  be  two 

sr7  lines  cutting  in  X. 
Take  any  p't  P  in  CD, 
and  let  any  pi'  thro'  AB 
be  turned  round  AB  as 
a  hinge  until  it  passes 
thro'  P. 
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Then  v  P  and  X  are  in  this  pi', 
/.  the  line  CXD  is  in  it. 

Now  when  the  pi'  contains  P,  let  Q  be  any  other  p't  not  in  it. 
Then  to  make  it  contain  Q  it  would  have  to  be  rotated  again 
round  AB. 

But  by  this  rotation  it  would  cease  to  contain  P. 
.-.  there  is  only  one  position  of  the  pi'  in  which  it  contains  AB 
and  CD  : 

i.e.  A B,  CD  are  in  one,  and  only  one  pi'. 


(i) — Since  when  the  lines  AXB,  CXD  are  fixed  the  plane  containing 
them  is  fixed,  we  may  speak  of  a  plane  so  determined  as  the  plane  AXC. 
Note  (2) — A  plane  is  determined  by — 
i°,  two  intersecting  lines  ;  or 
2°,  a  line,  and  a  point  not  in  it ;  or 
3°,  three  points  not  collinear  ;  or 
4°,  two  parallel  lines. 


Proposition  3. 

THEOREM — If  two  planes  cut  one  another  their  common 
section  is  a  straight  line. 

For  let  P  be  any  p't  common  to  the  pi's  ; 
and  Q  any  other  „  „ 

Join  PQ. 

Then  every  p't  in  PQ  (and  its  production  both  ways)  is  wholly 
in  one  pi',  and  wholly  in  the  other : 

i.  e.  PQ  is  the  common  section  of  the  pi's. 


e — Three  planes  will,  in  general,  have  one  point  in  common  :  the  ex- 
ceptional case  is  when  they  intersect,  two  and  two,  in  three  parallel  lines.  Cf. 
Prop.  9. 
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Proposition  4. 

THEOREM — If  a  straight  line  is  perpendicular  to  each  of 
two  intersecting  lines,  at  their  point  of  section,  then  it  is  also 
perpendicular  to  every  line,  which  is  in  tJic  plane  determined 
by  tJie  intersecting  lines,  and  'which  it  meets. 

Let    NA,    NB 

be  two  intersect- 
ing st'  lines;  PN 
-L  to  each  of  them 
at  N. 

Draw  any  st' 
line  NC  in  the 
pi' of  AN B. 

In  NC  take  any 
p't  X  ;  and  draw 
YXZtomeetNA, 

___  NB  in  Y,  Z  re- 
spectively, and  so 
that  XY  =  XZ. 

Join  PX,  PY,  PZ. 
Then  2PX2  +  2XY2 

=  PY2  +   PZ2,    V  PX  is  a  median  of  A  PYZ, 
=  2  PN2  +  NY2  +  NZ2,    v  A8  PNY,  PNZ  are  r't, 
=  2  PN2  +  2  NX2  +  2  XY2,  v  NX  is  a  median  of  A  YNZ, 
.    PX2=PN2  +  NX2. 

/.     PNX  is  right: 
i.e.  PX  is  J.  to  any  line  (as  NC)  drawn  from  N  in  pi'  ANB. 
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Def — A  straight  line  is  said  to  be  perpendicular  to  a  plane, 
when  it  is  perpendicular  to  every  line  which  is  in  that  plane,  and 
which  it  meets ;  and  the  point  of  meeting  is  called  the  foot  of  the 
perpendicular. 

Note — Hence  Prop'  4  may  be  worded  thus — If  a  line  is  perpendicular  to 
each  of  tivo  intersecting  lines,  at  their  point  of  section,  it  is  perpendicular  to 
their  plane. 

Def — Lines  or  points  which  are  in  the  same  plane  are  said  to 
be  co-planar. 


Proposition  5. 

THEOREM — If  a  straight  line  is  perpendicular  to  each  of 
three  concurrent  lines,  at  their  point  of 'concurrence ',  then  the 
three  lines  are  co-planar. 


Let  PN  be  _L  to 
each  of  the  three  con- 
current lines  N  A,  N  B , 
NC,  at  N. 

Let  the  pi'  PNB 
cut  the  pi'  ANC  in 
•NX. 


Then  PN,  being  _L  to  NA,  NC,  is  also  -L  to  NX. 

.-.     PNX  isr't,  and/.  =  PNB. 
But  this  is  impossible  unless  NB,  NX  are  coincident. 
.-.     NB  is  in  the  pi' ANC. 
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Proposition  6. 

THEOREM — Straight  lines  which  arc  perpendicular  to  the 
same  plane  arc  parallel. 

Let  AX, 
BY  be  each 
±  to  the  pi' 
UV  at  X,  Y 
respectively. 

In  the  pi' 
UV  draw  YZ 
J_  to  YX,  and 
equal  to  XA  ; 
and  join  XZ, 
AY,  AZ. 

Then  in  the  A*  AXY,  ZYX,  since 
AX  =  ZY, 
XY  is  common, 

and  AXY  =  ZYX ;   ;    for  each  is  r't 

/.    AY  =  ZX. 
And  since,  in  A*  AYZ,  ZXA,  \vc  have  also 

AZ  common,  and  YZ  =  XA; 

A  A 

. .     AYZ  =  ZXA, 

i.e.  =  a  r't  A  ;    v  AX  is  _L  to  pi'  XYZ. 

/.  the  three  lines  BY,  AY,  XY,  being  each  _L  to  YZ,  are 
co-planar. 

Hut  AX  is  co-planar  with  AY,  XY. 

/.     AX,  BY  are  co-planar; 
and  .-. ,  being  _L  to  XY,  are  ||. 
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Proposition  8. 

THEOREM — If  two  straight  lines  are  parallel,  then  if  one 
of  them  is  perpendicular  to  a  plane,  the  other  is  perpendicular 
to  the  same  plane. 

Let  AX, 
BY  be  H  s;  and 
let  the  pi' UV, 
to  which  BY 
is  J_  at  Y, 
meet  AX  in  X. 
In  the  pi' 
UV  draw  YZ 
JL  to  YX,  and 
equal  to  XA ; 
and  join  XZ, 
AY,  AZ. 


A 


Then  BYX  is  r't, 


BY  is 


to  pi'  XYZ. 

.-.  ,  as  BY,  AX  are  ||«,  AXY  is  also  r't. 

And  v  ZY  is  J_  to  YX,  YB, 

.-.     ZY  is  _L  to  YA,  which  is  in  pi'  BYX,  and  meets  it. 
So  that  in  A*  AXY,  ZYX,  we  have 
AX  =  ZY, 
XY  common, 

and   AXY  =  ZYX  ; 
/.     AY  =  ZX. 

And  since  in  As  AXZ,  ZYA,  we  have  also 
AZ  common,  and  YZ  =  XA  : 

/.  AXZ  =  ZYA,  a  r't  A  : 
i.e.  AX  is  ±  to  XY  and  XZ  ; 
and   /.  is  J_  to  the  pi'  XYZ,  to  which  BY  is  -L. 
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Proposition  7. 

THEOREM — If  any  two  points  arc  taken,  one  in  each  of 
two  parallel  straight  lines,  tJieir  join  is  co-planar  'cvith  the 
parallels. 

This  is  perfectly  obvious,  and  has  been  frequently  assumed  by  Euclid. 


Proposition  9. 

THEOREM — If  two  straight  lines  are  each  parallel  to  the 
same  straight  line,  tJwiigli  the  three  are  not  co-planar,  then 
the  two  are  parallel  to  each  other. 

Let  AB,  CD  be 
st'  lines,  each  of  which 
is  ||  to  PQ  —  the 
three  not  being  co- 
planar. 

Take  any  p't  X  in 
PQ;  and  draw  XY, 
XZ,  each  _L  to  PQ ; 
so  that  XY  is  in  pi' 
ofAB,  PQ;  andXZ 
in  i)l' of  CD,  PQ— 
Y  being  on  AB,  and 
ZonCD.  JoinYZ. 

Then  PQ.  bcinff  _L  to  XY  and  XZ,  is  _L  to  pi'  XYZ. 
.-.     AB,  being  ||  to  PQ,  is  also  _L  to  pi'  XYZ. 

Sim'ly  CD  is  ±  to  pi'  XYZ. 
/.     AB,  CD,  being  _L  to  the  same  pi',  are  ||. 
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Proposition  10. 

THEOREM—//"  a  pair  of  concurrent  lines  are  parallel  to 
another  pair  of  concurrent  lines — the  two  pairs  being  in  dif- 
ferent planes — then  the  angle  between  the  first  pair  is  equal 
to  the  angle  between  the  second  pair ;  where  both  angles  are 
taken  of  the  same  species. 


Let  the  lines  XA,  XBbe 
||  to  the  lines  YC,  YD; 
but  the  pi's  XAB,  YCD 
be  different. 

Take  any  p't  P  in  XA, 
and  any  p't  Q  in  XB  ;  and 
take  R  in  YC,  and  S  in 
YD,  so  that  YR  =  XP, 
and  YS  =  XQ. 

Join  PQ,  RS. 


Then     v     PX  is  equal  and  ||  to  YR, 

/.     PR         „         „        XY. 

Sim'lyQS         „          „         XY. 

/.     PR         „          „         QS; 

and  /.  also  PQ         „          „         RS. 

So  that  in  As  PXQ,  RYS,  we  have 

PX  =  RY, 

XQ  =  YS. 

and    PQ  =  RS; 

A  A 

.-.     PXQ  =  RYS. 
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Proposition  11. 

PROBLEM — To  draw  a  perpendicular  to  a  given  plane 
from  a  green  point  without  it. 

Let  P  be  a  given 
p't  outside  a  given  pi' 
AB. 

Take  any  line  XY 
in  AB ;  and  draw 
PZ  -L  to  XY. 

In  the  pi'  AB  draw 
ZN  _LXY;  and  draw 


PN  -LtoZN. 


If  it  happens  that  PN  coincides  with  PZ,  then  it  is  the  req'd  _L. 
But  if  not— thro'  N  draw  LNM  in  the  pi'  AB,  and  ||  to  XY. 
Then  since  XY  is  _L  to  ZP  and  to  ZN, 

/.     XY  is  J.  to  the  pi'  PZN. 
/.     LM,  which  is  ||  to  XY,  also  is  J.  to  pi'  PZN. 

.-.     PN  is  _L  to  both  NL  and  NZ : 
i.e.  PN  has  been  drawn  _L  to  pi'  AB. 


Proposition  12. 

PROBLEM — To  draw  a  line  at  right  angles  to  a  given 


plane  from  a  given  point  in  the  plane. 

Q 


Let  P  be  a  given 
p't  in  a  given  pi'  AB. 

Take  any  p't  X 
outside  the  pi';  and 
drop  XY  _L  to  the 
pi'. 

Draw  PQ  ||  to  X  Y. 
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Then  since  of  the  \\*  PQ,  XY, 

one  XY  is  J_  to  pi7  AB, 
.-.     the  other  PQ  is  also  _L  to  pi'  AB  : 
i.e.  PQ  has  been  drawn  ±  to  pi'  AB. 


Proposition  13. 

THEOREM — Through  one  point  there  can  be  drawn  only 
one  perpendicular  to  a  given  plane,  whether  the  point  is  in, 
or  outside,  the  plane. 

Let  AB  be  a  given  pi'. 
i°,  take  P  any  p't  in  it. 

Assume  that  two  J_s  PQ, 
PR,  can  be  drawn,  at  p't  P, 
to  pi'  AB. 

Let  pi'  cont'g  PQ,  PR  cut 
pi'  AB  in  XPY. 

Then  PQ,  PR  are  each  JL  to  XPY : 

i.e.  QPY  =  RPY,  a  part  of  itself. 

.-.  the  assumption  that  there  can  be  two  J_e  leads  to  an 
absurdity ;  and  /.  is  not  true. 

Nor,  2°,  can  two  _L8  be  drawn  from  a  p't  without  the  pi';  for 
any  two  _LS  to  a  pi'  are  ||,  and  /.  cannot  have  a  common  p't. 


Def — Planes  which  cannot  by  production  be  made  to  meet  are 
called  parallel. 
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Proposition  14. 

THEOREM — Planes  to  which  tlic  same  straight  line  is  per- 
pendicular are  parallel. 

Let  the  st'  line 
XY  be  _L  to  two 
pi's  at  the  p'ts  X, 
Y:  then  if  the 
pi's  could  be  pro- 
duced to  meet 
their  common  sec- 
tion would  be  a 
st'  line ;  and  then, 
joining  any  p't  P,  in  this  line  of  section,  to  X  and  Y,  we  should 

get  a  A  having  PXY  and  PYX  each  r't. 

But  this  is  impossible. 

/.     the  pi's  cannot  be  produced  to  meet ; 

i.e.  they  are  ||. 


Proposition  15. 

THEOREM — If  a  pair  of  concurrent  lines  are  parallel  to 
another  pair  of  concurrent  lines — the  pairs  being  in  different 
planes— tJicii  the  plane  of  the  one  pair  is  parallel  to  the  plane 
of  the  other  pair. 

Let  the  pair  of  concurrent  lines  AB,  AC  be  respectively  || 
to  the  pair  DE,  DF. 

Draw  AN  -L  to  the  pi'  EOF;  and  draw  NX,  NY  respectively 
||  to  DE,  DF. 

Then  AB  is  ||  to  NX,  V  each  of  them  is  ||  to  DE. 
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/.     BAN  +  XNA  =  twor't  A". 
But  XNA  is  art  A, 
.-.     BAN 

Sim'ly.     CAN 
D/        /.     NA  is  J_  to  the  pi'  BAG. 


.-.     the  pi's,  being  each  J_  to  NA,  are  ||. 


Proposition  16. 

THEOREM — If  parallel  planes  are  cut  by  a  plane  their 
sections  with  it  are  parallel. 


Let  the  ||  pi's  A B,  CD 
be  cut  by  any  pi' — their 
respective  lines  of  section 
being  PQ,  XY. 


Then,  if  PQ,  XY  could  be  produced  to  meet — in  Z  say— 
Z  would  be  in  each  of  the  pi's  AB,  CD  : 

i.  e.  the  pi's  would  meet. 

But  this  is  contrary  to  the  hypothesis  that  they  are  ||. 

/.     PQ,  XY  cannot  be  produced  to  meet : 

i.e.  they  are  ||. 
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Proposition  17. 

THEOREM — If  two  straight  lines  are  cut  by  parallel  planes, 
the  segments  of  the  one  are  in  the  same  ratio  as  the  segments 
of  the  other — those  segments  intercepted  between  the  same 
planes  being  homologous  terms  in  the  ratios. 


Let  the  st' lines  AX  B, 
CYD,  be  cut  by  the 
||  pi's  PQ,  RS,  UV, 
in  the  p'ts  A,  X,  B  and 
C,  Y,  D,  respectively. 

Join  AD,  cutting  pi' 
RS  in  Z ;  and  join 
ZX,  ZY. 


Then  v  the  ||  pi's  RS,  UV  are  cut  by  the  pi'  XZDB, 
.-.     their  lines  of  section  XZ,  BD  are  ||. 

Sim'ly  ZY,  AC  are  ||. 
.-.     AX  :  XB  =  AZ  :  ZD  =  CY  :  YD. 


Def — When  two  planes  intersect  so  that  any  line  drawn  in  one 
of  the  planes,  perpendicular  to  their  line  of  section,  is  perpendicular 
to  the  other  plane,  the  first  plane  is  said  to  be  perpendicular  (or 
at  right  angles)  to  the  second  plane. 
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Proposition  18. 

THEOREM — If  a  straight  line  is  perpendicular  to  a  plane, 
then  every  plane  which  contains  the  line  is  perpendicular  to 
the  plane. 

Let  st'  line  PN  be 
-L  to  pi'  AB  at  N. 

Take  any  pi' cont'g 
PN  ;  and  let  its  line 
of  section  with  AB 
beXY. 

Take  any  p't  Q  in 
XY;    and   draw,    in 
the  pi'   PNX,  QM 
_L  to  XY. 
Then  PN,  QM,  being  in  same  pi7,  and  each  _L  to  XY,  are  ||. 

And  PN  is  _L  to  pi'  AB. 
/.    also  QM         „         „ 

And  v  QM,  drawn  in  the  pi'  cont'g  PN,  ±  to  XY  the  common 
section  of  that  pi'  with  the  pi'  AB,  is  also  _L  to  the  pi'  AB, 
/.    the  pi'  cont'g  PN  is  _L  to  the  pi'  AB. 


Note— If  in  plane  AB  we  draw  NR  perpendicular  to  XY,  then  clearly  NR  is 
perpendicular  to  plane  PQ. 

Hence— If  one  plane  is  perpendicular  to  a  second,  then  the  second  is  per- 
pendicular to  the  first. 


Proposition  19. 

THEOREM — If  two  intersecting  planes  are  each  perpen- 
dicular to  a  third  plane,  their  line  of  section  is  also  perpen- 
dicular to  that  third  plane. 

c 
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Let  pi's  PQR, 
PQS,  which  cut 
in  PQ,  be  each 
_L  to  pi'  AB- 
PR,  PS  being 
their  respective 
lines  of  section 
with  AB. 

In  AB  draw 
PX,  PY  respec- 
tively _L  to  PR, 
PS. 


Then  PX,  being  _L  to  pi'  QR,  is  J_  to  PQ ; 
and  PY,        „         „       QS, 
/.     PQ  is  _L  to  pi'  PXY  :  i.  e.  to  pi'  AB. 


Def — When  three  or  more  planes  meet  at  a  point,  then,  having 
regard  only  to  those  portions  of  them  which  separate  a  part  of 
space  from  the  rest,  they  are  said  to  form  a  solid  (or  polyhedral) 
angle  at  that  point;  the  lines  of  intersection  of  the  planes  are 
called  the  edges  of  the  solid  angle ;  the  plane  angles  formed  by  the 
edges  are  called  \h&  faces  (or  sides)  of  the  solid  angle;  and  the 
point  common  to  the  planes  is  called  the  vertex  (or  corner]  of  the 
solid  angle. 

Note— When  a  solid  angle  is  formed  by  three  planes  it  is  called  a  trihedral 
angle. 


Proposition  20. 


THEOREM — Any  two  of  the  angles  which  form  a  trihedral 
angle  are  together  greater  than  the  third. 
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Let  the  solid 
angle  at  O  be 
formed  by  the 
three  pi'  A8, 
AOB,  BOC, 
COA. 


i°,  if  the  three   A8  are  equal,  of  course  any  two  are  together 
greater  than  the  third. 

20,  assume  that  AOB,  <  BOC,  or  COA. 
At  p't  O,  in  pi'  AOB,  draw  a  finite  line  OX, 

A  A 

so  that  AOX  =  COA. 
Take  R  in  OC,  so  that  OR  =  OX. 

Draw  any  line  thro'  X,  in  pi'  AOB,  meeting  AO,  BO  in  P,  Q 
respectively;  and  join  PR,  QR. 

Then  in  A«  POR,  POX, 
OR  =  OX,      \ 

PO  is  common,  I 

A  A         I 

and  POR  =  POX;   J 

.-.     PR  =  PX. 

But  PR  +  RQ  >  PX  +  XQ. 

.-.     RQ  >  XQ. 
Hence  in  A*  QOR,  QOX, 
OR  =  OX, 
OQ  is  common, 
but  RQ  >  XQ ; 

.-.    QOR  >  QOX. 

C    2 
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QOR  +  ROP  >  QOX  +  XOP: 

i.e.  >  POQ. 
And,  as  POQ,  <  ROP,  or  QOR, 

A 

POQ  with  either  of  them  >  the  other. 


Proposition  21. 

THEOREM — All  the  plane  angles^  which  form  a  solid 
angle ;  are  together  less  than  four  right  angles. 


Let  V  be  the  vertex  of 
a  solid  A,  contained  by 
any  number  of  pi'  A 8. 

Take  a  pi'  of  section 
of  the  pi's  cont'g  the  solid 
A  at  V,  making  a  poly- 
gon A  BCD  &c.,  having 
as  many  sides  as  there 
are  pi'  A s  at  V. 


Join  any  p't  O,  within  this  pol',  and  in  its  own  pi',   to  its 
corners. 

Then  sum  of  AS  of  A  VAB  =  sum  of  A8  of  AOAB. 
Sim'ly  for  each  pair  of  A8  having  a  side  of  pol'  in  common. 

/.     A8  at  V  +  2(VBA  +  VBC)  =  2(ABC)  +  A*atO. 

But  VBA  +  VBC  >  ABC. 

.-.     sum  of  A9  at  V  <  A8  round  O  ; 
i.e.  <  four  r't  A9. 
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Def — Of  all  lines  which  can  be  drawn  from  a  point  to  a  plane  that  which  is 
perpendicular  to  the  plane  is  called  the  normal ;  and  all  others  are  called 
obliques. 

Def — If  from  the  ends  of  a  finite  line  normals  are  drawn  to  a  plane,  the  join 
of  their  feet  is  called  the  projection  of  the  line  on  the  plane. 

Def — The  inclination  of  a  line  to  a  plane  is  considered  to  be  the  angle 
between  the  line,  produced  to  meet  the  plane  (if  necessary)  and  its  projection 
on  the  plane. 

THEOREM  (i)— Of  all  lines  which  can  be  drawn  from  a  point  to  a  plane— 

i°,  the  normal  is  minimum : 

2°,  obliques  which  are  equally  inclined  to  the  plane  are  equal ;  and  con- 
versely : 

3°,  obliques  whose  projections  are  equal  are  themselves  equal ;  and  con- 
versely : 

4°,  of  two  obliques,  not  equally  inclined  to  the  plane,  that  which  has  the 
greater  inclination  to  the  plane  is  the  shorter  ;  and  conversely : 

5°,  of  the  obliques,  whose  projections  on  the  plane  are  unequal,  that  whose 
projection  is  greater  is  the  longer  ;  and  conversely. 


Let  AB  be  a  plf  to  which  from 
a  p't  P  the  normal  PN  is  drawn. 
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A  A 

i",  PN  <  any  oblique  PX,  v  PNX  (being  r't)  >  PXN. 

2°,  if  PX,  PY  are  obliques  making  equal  As  with  AB  ; 
then  in  the  As  PNX,  PNY,  we  have 


and        PN  common ; 
.-.     PX  =  PY. 

For  the  converse :  if  PX  =  PY ;  then,  as  also  PN   is  common  to  the  r't 
angled  A'  PNX,  PNY, 

A  A 

...    PXN  =  PYN. 

3°,  if  PX,  PY  are  obliques  whose  projec's  NX,  NY  are  equal ; 
then  in  A5  PNX,  PNY,  we  have 

NX  =  NY,      x 

PN  common,    ( 

A  A 

and      PNX  =  PNY;/ 

/.     PX  =  PY. 

So  also  the  converse  follows,  as  in  2°. 

4°,  if  the  oblique  PY  makes  a  greater  A  with  the  pi'  AB  than  PX,  draw  the 

oblique  PZ,  in  pi'  PNX,  so  that  PZN  =  PYN. 
Then,  by  2°,    PZ  =  PY  ; 
and  (£.;?. p.  56)    PZ  <  PX. 
.-.     PY  <  PX. 

For  the  converse  :  if  PY  <  PX,  draw  the  oblique  PZ,  in  the  pi'  PNX,  and 
equal  to  PY. 

Then  (£*X.p.  56)  PZN  >  PXN; 

and,  by  2°,  PZN  =  PYN. 
A  A 

.-.     PYN  >  PXN. 

5°,  if  NX  (the  projec'  of  an  oblique  PX)  >  NY  (the  projec'  of  an  oblique 
PY)  in  NX  take  Z,  so  that  NZ  =  NY. 

Then,  by  3",   PZ  =  PY  ; 

and  (E .  K .  p.  56)    PX  >  PZ. 

.-.     PX  >  PY. 
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For  the  converse :    if  PX  >  PY,  draw  the  oblique  PZ,  in  the  pi'  PNX, 
and  equal  to  PY. 

Then  (£.£.p.  56)  NZ  <  NX ; 

and,  by  3°,    NZ  =  NY. 
.-.     NX  >  NY. 

THEOREM  (2)— If  'two  lines  neither  intersect,  nor  are  parallel,  then— 
i°,  there  is  one,  and  only  one,  line  perpendicular  to  each  of  them  ;  and 
2°,  this  common  perpendicular  is  the  shortest  distance  between  the  lines. 


Let  AB,  CD  be  lines  which 
neither  intersect,  nor  are  ||. 

Take  the  pi'  thro'  CD  which 
is  ||  to  AB ;  and  let  XY  be  the 
projection  of  AB  on  this  pi'. 

Since  CD  is  not  ||  to  AB, 
neither  is  it  ||  to  XY:  let  CD, 
XY  cut  in  Q. 


Then,  i°,  since  XY  is  the  Locus  of  the  feet  of  all  _LS,  from  pts.  in  AB,  on 
pi' of  CD,  XY, 

/.     Q  is  the  only  p't  in  which  a  J_  to  CD,  from  a  p't  in  AB,  can  meet  CD. 
/.     if  QP  is  drawn  _L  to  AB,  it  is  the  only  -L  to  both  AB,  CD. 

And,  2°,  if  pq  is  any  other  line,  joining  any  p't  p  in  AB  to  any  p't  q  in 
CD  ;  then,  drawing  pn  _L  to  XY,  we  have 
pq  (an  oblique  from  p  to  pi'  CD,  XY)  >  pn  (normal  to  the  same  pi') 

i.  e.  >  PQ. 
.-.     PQ  is  the  miri  dist'  between  AB,  CD. 


Def— The  inclination  of  a  plane  to  a  plane  is  called  a  dihedral  angle  ; 
and  is  measured  by  the  angle  between  two  lines  drawn,  from  any  point  in  the 
line  of  section  of  the  planes,  one  in  each  plane,  perpendicular  to  this  line  of 
section. 


24  GEOMETRY    IN    SPACE. 

Note  (i)— That  this  angle  is  a  proper  measure  of  a  dihedral  angle  is  seen 
from  considering  that — 

i°,  it  is  invariable,  wherever  in  the  line  of  section  its  vertex  is  taken;  and 
that, 

2°,  if  two  such  angles,  taken  with  respect  to  a  pair  of  dihedral  angles,  are 
equal,  the  dihedral  angles  can  be  superposed  so  as  to  coincide. 

Note  (2) — As  this  angle  is  equal  to  one  of  the  angles  between  any  two 
normals  drawn  from  a  point  outside  the  planes  to  the  planes,  we  may  also  say 
that  the  inclination  of  a  plane  to  a  plane  is  the  angle  between  two  normals  to 
the  planes. 

Note  (3)— It  is  evident  that— 

i°,  if  two  planes  cut  each  other,  the  vertically  opposite  dihedral  angles  are 
equal : 

2°,  if  the  planes  forming  one  dihedral  angle  are  respectively  parallel  to  those 
forming  another,  the  dihedral  angles  are  either  equal  or  supplementary : 

3°,  if  perpendiculars  are  dropped  from  any  point  on  two  intersecting  planes 
the  angle  between  the  perpendiculars  is  equal  to  the  alternate  dihedral  angle 
between  the  planes : 

4°,  if  a  plane  cuts  two  parallel  planes  it  makes — 
(a)  the  alternate  dihedral  angles  equal ; 

(£)  the  exterior  dihedral  angle  equal  to  the  interior  opposite  dihedral 
angle  on  the  same  side ; 

(<:)  the  two  interior  dihedral  angles,  on  the  same  side,  together  equal  to 
two  right  angles. 

THEOREM  (3) — If  two  trihedral  angles  have  the  three  plane  angles  of  the  one 
equal  to  the  three  plane  angles,  similarly  situated,  of  the  other,  each  to  each,  then — 

i°,  each  dihedral  angle  of  the  one  is  equal  to  the  corresponding  dihedral 
angle  of  the  other  ;  and 

2°,  the  trihedral  angles  are  identically  equal. 
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Let  the  trihedral  As  at  A,  B,  have  the  three  pi'  As,  DAE,  EAF,  FAD,  of 
the  one,  respectively  equal  to  the  three  pi'  As  GBH,  HBK,  KBG,  of  the 
other;  so  that  the  edges  AD,  AE,  AF  correspond  to  the  edges  BG,  BH,  BK 
respectively. 

i°,  in  AD  take  any  p't  P;  and  in  the  pi's  DAE,  DAF  draw  PQ,  PR 
respectively,  each  _L  to  AD,  to  meet  the  edges  AE,  AF:  join  QR. 

Take  X  in  BG,  so  that  BX  =  AP;  and  in  the  pi's  GBH,  GBK  draw 
XY,  XZ  respectively,  each  _L  to  BG,  to  meet  the  edges  BH,  BK:  join  YZ. 

Then  in  the  As  PAQ,  XBY,  since 

PA  =  XB, 

A  A 

PAQ  =  XBY, 

A  A 

and  APQ  =  BXY; 

.-.     PQ  =  XY,     and    AQ  =  BY. 
Again  in  As  PAR,  XBZ,  since 

PA  =  XB, 

A  A 

PAR  =  XBZ, 

A  A 

and  APR  =  BXZ, 

.-.     PR  =  XZ,     and     AR  =  BZ. 

Also  in  As  QAR,  YBZ,  since 

AQ  =  BY, 
AR  =  BZ, 


and  QAR  =  YBZ  ; 

.-.    QR  =  YZ. 
Finally,  in  As  PQR,  XYZ,  since 

PQ  =  XY, 

PR  =  XZ, 

and     QR  =  YZ  ; 

A  A 

.-.     QPR  =  YXZ: 

i.  e.  the  dihedral  As  at  the  edges  AD,  BG  are  equal. 
Similarly  for  those  at  edges  AE,  BH  and  those  at  edges  AF,  BK. 
2°,  let  the  solid  A  at  A  be  applied  to  that  at  B,  so  that 

A  coincides  with  B,  edge  AD  is  along  edge  BG, 

A  A 

and  DAE  coincides  with  the  equal  GBH. 

Then  the  pi'  DAF  will  coincide  with  the  pi'  GBK, 

V     the  dihedral  A8  at  edges  AD,  BG  are  equal. 
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.-.    the  edge  AF  will  lie  along  the  edge  BK, 

A  A 

v     DAF  =  GBK. 

And  as  also  edge  AE  is  along  edge  BH, 

.-.    pi'  EAF  coincides  with  pi'  HBK. 

.-.    solid  A  (DEF)  =  solid  B  (GHK). 


Note — Similarly  it  could  be  shown  that  two  trihedral  angles  are  identically 
equal,  when  they  have — 

i°,  the  three  dihedral  angles  of  the  one  equal  to  the  similarly  situated 
dihedral  angles  of  the  other,  each  to  each  ;  or 

2°,  a  plane  angle  and  pair  of  adjacent  dihedral  angles  of  the  one  respectively 
equal  to  a  plane  angle  and  similarly  situated  pair  of  adjacent  dihedral  angles 
of  the  other ;  or 

3°,  a  dihedral  angle  and  pair  of  adjacent  plane  angles  respectively  equal  to  a 
dihedral  angle  and  similarly  situated  pair  of  adjacent  plane  angles  of  the  other. 

So  also  two  polyhedral  angles  which  have  their  plane  and  similarly  situated 
dihedral  angles  equal,  each  to  each,  taken  successively  the  same  way  round, 
can  be  shown  to  be  superposable ;  and  are  therefore  identically  equal.  But 
if  the  equalities  only  subsist  when  they  are  taken  in  opposite  ways  round,  the 
solid  angles  are  not  superposable,  though  they  are,  in  a  sense,  equivalent ;  and 
they  are  then  said  to  be  symmetrically  equal. 

The  meaning  of  the  phrase  taken  the  same  way  round,  will  appear  by  con- 
sidering that  the  symmetrically  equal  angle  to  any  given  polyhedral  angle  is 
constructed  by  producing  each  edge  of  the  solid  angle  through  the  vertex. 
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Thus  if  the  edges  AV,  BV,  &c.,  of  the  solid  angle  V  (ABODE)  are  produced 
through  V  in  respective  directions  VA',  VB',  &c.,  then  the  plane  and  dihedral 
angles,  taken  in  the  order  ABCDE,  are  respectively  equal  to  the  plane  and 
dihedral  angles  in  the  order  A'  B'  C'  D'  E'. 

But,  if  an  eye  is  supposed  to  be  looking  into  the  hollow  of  the  first  angle, 
ABCDE  is  clock- wise ;  while  to  an  eye  looking  into  the  hollow  of  the  second 
angle  A'  B'  C'  D'  E'  is  anti-clock-wise. 


Def — When  the  corners  of  a  quadrilateral  (or  polygon)  are  not  co-planar,  it 
is  said  to  be  gauche. 


THEOREM  (4) — If  a  gauche  quadrilateral  is  cut  by  a  plane,  the  ratio  com- 
pounded of  the  ratios  of  the  segments  of  the  sides,  taken  in  order  one  way  round, 
is  unity  ;  and  conversely. 

Let  P,  Q,  R,  S  be  the  p'ts  in  which  a  pi'  cuts  the  respective  sides  AB,  BC, 
CD,  DA  of  &  gauche  quad'  ABCD. 


Let  AC  meet  the  pi'  in  O. 

Then  O,  Q,  P  are  in  pi'  ABC,  and  also  in  cutting  pi'. 

/.     OOP  is  a  st'  line. 
Sim'ly  ORS          „ 

Then  applying  Menelaus'  Theorem  (E-X-p.  321)  to  the  A'  ACS,  ACD, 
we  get  (AP  :  PB)  (BQ  :  QC)  (CO  :  OA)  =  i, 
and  (CR  :  RD)  (DS  :  SA)  (AC  :  OC)  =  i. 

Whence,  compounding  the  ratios,  and  omitting  the  reciprocal  ratios,  we  have 
(AP  :  PB)  (BQ  :  QC)  (CR  :  RD)  (DS  :  SA)  =  i. 
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For  the  converse :  assuming  the  last  result  to  hold  for  the  p'ts  P,  Q,  R,  S 
on  sides  of  gauche  quad'  ABCD  ;  let  AC  meet  PQ  in  O,  and  SR  in  O':  then 
applying  Menelaus,  as  before,  and  using  the  result  assumed,  we  get 

CO  :  OA  =  CO' :  O'A, 
i.  e.  O,  O'  are  the  same  p't. 
.-.     P,  Q,  R,  S  are  co-planar. 


Note  (i) — This  Theorem  can  be  generalized  for  any  gauche  polygon. 
Note  (2) — A  complete  quadrilateral  cannot  \>z  gauche. 


EXERCISES  ON  PLANES  AND 
SOLID  ANGLES. 

THEOREMS. 

1.  If  from  a  point  perpendiculars  are  drawn  to  a  line,  and  to  any  plane 
through  the  line,  the  join  of  their  feet  is  perpendicular  to  the  line. 

2.  If  from  P  the  perpendicular  PQ  is  dropped  on  a  plane,  and  from  Q  the 
perpendicular  QN  is  drawn  to  any  line  AB  in  the  plane ;  then  PN  is  perpen- 
dicular to  AB. 

3.  If  a  trihedral  angle  is  cut  by  a  plane  so  that  the  three  intercepted  edges 
are  equal,  the  foot  of  the  perpendicular  from  the  vertex  on  the  plane  is  the 
circum-centre  of  the  triangle  of  section. 

4.  If  two  lines  in  one  plane  are  equally  inclined  to  another  plane,  then  they 
are  equally  inclined  to  the  common  section  of  these  planes. 

5.  If  O  is  the  orthocentre  of  a  triangle  ABC,  and  OP  perpendicular  to  the 
plane  ABC,  then  PA  is  perpendicular  to  the  parallel  through  A  to  BC. 

6.  If  one  triangle  lies  within  another,  the  sum  of  the  angles  subtended  at 
any  point,  not  in  the  plane  of  the  triangles,  by  the  sides  of  the  outer  triangle, 
is  greater  than  the  sum  of  the  angles  subtended  by  the  sides  of  the  inner 
triangle. 

Note— If  P  is  p't,  XYZ  inner  A,  ABC  outer;  let  XY  meet  BC  in  D: 

A  A  A 

then,  by  xi.  20,  2PD  +  YPD  >  YPZ ;  so  that  sum  of  A8  subtended  at  P  by 

A  DXZ  >  sum  subtended  by  A  XYZ  :  continue  this  process. 

7.  If  from  the  vertex  of  a  trihedral  angle  a  line  is  drawn  within  it,  then  the 
angle  which  this  line  makes  with  the  edges  of  the  solid  angle  are  less  than  the 
sum,  but  greater  than  half  the  sum,  of  the  plane  angles  which  form  the  solid 
angle. 

8.  If  from  a  point  P,  in  one  of  two  intersecting  planes,  a  line  is  drawn  at 
right  angles  to  the  plane  in  which  P  is,  to  meet  the  other  in  X ;  and  a  line 
from  X  at  right  angles  to  the  plane  in  which  X  is,  to  meet  the  other  in  Q ; 
then  QP  is  perpendicular  to  the  line  of  section  of  the  planes. 
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9.  If  from  P,  Q,  perpendiculars  PX,  QY  are  dropped  on  a  plane ;   and  the 
plane  through  P  perpendicular  to  PQ,  meets  the  first  plane  in  AB ;  then  XY, 
AB  are  at  right  angles. 

10.  If  any  number  of  planes  have  a  common  line  of  section,  and  PX  is  the 
perpendicular  from  any  point  P  on  this  line ;  then  the  Locus  of  the  feet  of 
perpendiculars  from  P  on  the  planes  is  the  circle  on  PX  as  diameter. 

n.  Four  points  are  so  situated  that  the  distance  between  any  pair  is  equal  to 
the  distance  between  the  other  pair :  prove  that  the  sum  of  the  angles  sub- 
tended at  any  one  of  these  points,  by  each  pair  of  the  others,  is  equal  to  two 
right  angles. 

12.  Of  the  plane  angles,  forming  a  trihedral  angle,  one  is  right,  and  the 
other  two  supplementary;  if  a  plane  is  drawn  so  as  to  cut  off  equal  lengths 
from  the  edges  containing  the  right  angle,  then  the  sum  of  the  squares  on  the 
three  sides  of  the  triangle  of  section  is  double  the  sum  of  the  squares  on  the 
edges  of  the  solid  angle  cut  off. 

13.  If  a  line  meets  three  parallels  to  a  fixed  plane  it  is  always  parallel  to 
another  fixed  plane. 

14.  A  trihedral  angle  will  be  identically  equal  to  its  symmetrically  equal 
angle  if  two  of  the  plane  angles  of  the  trihedral  angle  are  equal. 

15.  If  a  line  is  equally  inclined  to  any  three  lines  in  a  plane,  whether  it 
meets  them  or  not,  it  is  perpendicular  to  that  plane. 

1 6.  If  P  is  a  given  plane,  O  a  given  point  in  space,  and  OA,  OB  parallel  to 
P;   then  the  intersection  of  the  two  planes  through  O,  respectively  perpen- 
dicular to  OA,  OB,  is  at  right  angles  to  P. 

17.  With  respect  to  any  trihedral  angle  those  planes  have  a  common  line  of 
intersection,  which  are  drawn — 

i°,  through  the  edges  and  the  bisectors  of  the  opposite  faces;  or 
2°,  through  the  bisectors  of  the  faces  perpendicular  to  those  faces ;  or 
3°,  through  the  edges  perpendicular  to  the  opposite  faces ;  or 
4°,  bisecting  the  dihedral  angles. 

1 8.  In  4°,  of  the  preceding  Exercise,  any  plane  perpendicular  to  the  common 
line  of  intersection  of  the  bisecting  planes  cuts  the  three  internal  bisectors  and 
the  three  external  bisectors  of  the  dihedral  angles,  in  lines  which  form  a 
triangle  and  its  altitudes. 

19.  If  ABC  is  a  triangle,  and  P,  Q  points  on  opposite  sides  of  its  plane 
such  that  each  side  of  the  triangle  subtends  the  same  angle  at  P  that  it  does 
at   Q,  then   PQ   is  perpendicular  to,   and    bisected    by,  the  plane  of  the 
triangle. 
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20.  In  a  trihedral  angle  the  sum  of  the  angles  formed  by  the  edges,  with 
the  bisectors  of  the  opposite  faces,  is  less  than  the  sum  of  the  angles  containing 
the  solid  angle. 

21.  In  a  gaiiche  quadrilateral — 

i°,  the  joins  of  the  mid  points  of  consecutive  sides  form  a  parallelogram  ; 
2°,  the  joins  of  the  mid  points  of  opposite  sides,  and  the  joins  of  the  mid 
points  of  the  diagonals,  are  concurrent. 

22.  ABCD  is  a  gauche  quadrilateral :  if  X,  Y,  P,  Q  are  points  in  AB,  CD, 
BC,  DA,  respectively,  such  that 

AX  :  XB  =  DY  :  YC, 
and     BP  :  PC  =  AQ  :  QD  ;    then— 
i°,  XY,  PQ  are  co-planar ; 
2°,  if  XY,  PQ  cut  in  O, 

XO  :  OY  =  BP  :  PC, 
and     PO  :  OQ  =  CY  :  YD  ; 

3°,  each  of  the  lines  XY,  PQ  is  in  a  plane  parallel  to  the  sides  which  it 
does  not  meet. 

23.  If  X,  Y  are  points  in  the  sides  AB,  CD  of  a  gauche  quadrilateral 

ABCD,  such  that 

AX  :  XB  =  X  (DY  :  YC) 

where  X  is  a  fixed  number, 
then  XY  always  meets  three  fixed  lines. 

24.  If,  in  a  gauche  polygon  a  new  polygon  is  formed  by  joining  the  mid 
points  of  its  sides,  in  any  way ;  and  a  second  new  polygon  is  formed  from  the 
last  similarly;  and  this  process  is  continued  indefinitely — which  of  course  can 
be  done  in  an  infinite  variety  of  ways — the  polygons  will  converge  finally  to  a 
point,  which  is  the  same  in  whatever  way  the  process  is  performed. 

25.  The  area   of  the  perspective  representation,  in  a  given   picture,  of  a 
triangle  of  given  area,  in  a  fixed  plane,  varies  as  the  product  of  the  distances  of 
the  corners  of  the  perspective  representation  from  the  vanishing  line.     (Prof 
Sylvester :  Educational  Times  Reprint,  vof  I.) 
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PROBLEMS. 

1.  If  three  lines  are  con-current  but  not  co-planar,  draw  from  their  common 
point  a  line  to  make  equal  angles  with  them. 

2.  Find  in  how  many  ways  a  solid  angle  can  be  formed  with  equilateral 
triangles  and  squares. 

3.  A,  B  are  points,  one  in  each  of  two  intersecting  planes ;  find  P,  in  the 
line  of  section  of  the  planes,  so  that  PA  +  PB  is  minimum. 

4.  XY  is  a  plane,  and  A,  B  points  not  in  the  plane ;  find  P,  in  the  plane,  so 
that — 

1°,  when  A,  B  are  on  same  side  of  XY, 

PA  +   PB  is  minimum ; 
2°,  when  A,  B  are  on  opposite  sides  of  XY, 

PA  -w  PB  is  maximum. 

Note— See  E>R-^.  306.     The  image  of  A  in  XY,  is  A',  got  by  dropping  AN 
_L  to  XY,  and  producing  it  till  N  A'  =  N  A. 

5.  From  the  point  of  section  of  two  lines  draw  a  line  perpendicular  to  each 
of  them. 

6.  Find  the  the  Locus  of  points  in  space  equally  distant  from  two  inter- 
secting lines. 

7.  Find  the  Locus  of  points  in  space  such  that  the  difference  of  the  squares 
on  the  distances  of  each  of  them  from  two  fixed  points  is  equal  to  a  given 
constant. 

8.  Given  a  point  and  two  lines,  not  co-planar;  draw  from  the  point  a  line 
to  meet  the  lines. 

9.  Cut  a  tetrahedral  angle,  by  a  plane,  so  that  the  section  may  be  a  parallelo- 
gram. 

10.  A  point  moves  so  that  the  sum  of  its  distances  from  two  intersecting 
planes  is  constant ;  find  its  Locus. 

11.  A  line  of  constant  length  moves  so  that  its  ends  are  on  two  fixed  lines  in 
space,  find  the  Locus  of  its  mid  point. 

12.  Given  a  plane  and  two  points  not  in  it ;  find  the  Locus  of  points  the 
ratio  of  whose  distances  from  the  given  points  is  constant. 

13.  Find  the  point  P,  in  one  of  two  intersecting  lines,  such  that  the  perpen- 
dicular from  P  on  the  other  has  a  given  ratio  to  the  distance  of  P  from  a  given 
point  not  co-planar  with  the  lines. 
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14.  Given  three  lines  not  co-planar,  draw  a  fourth  so  as  to  meet  two  of 
them  and  be  parallel  to  the  third. 

15.  Two  planes  intersect  in  XY;  if  A  is  a  fixed  point  in  one  of  the  planes, 
and  P  any  point  in  XY,  find  when  AP  makes  the  maximum  angle  with  the 
other  plane. 

1 6.  Make  a  solid  angle  equal  to  a  given  trihedral  angle.     (Euclid  TLI.  26.) 

NOTE— If  V  is  vertex  of  given  trihed'  V(ABC),  drop  AM  ±  to  pt  BVC  : 

A  A  A  A  A 

make  YSZ  equal  to  BVC,  and  YSN  equal  to  BVM,  where  N  lies  within  YSZ, 

and  SN  =  VM  :   draw  NX  -L  to  pi'  YSZ  and  make  NX  equal  to  MA :  then 

A 

S  (XYZ)  will  be  A  wanted. 

17.  Bisect  a  given  dihedral  angle. 

1 8.  Three  planes  are  mutually  at  right  angles :  cut  them  by  a  plane  so  that 
the  section  may  be  identically  equal  to  a  given  triangle. 

NOTE — The  edges  and  corner  of  the  solid  A  project  into  the  alt's  and  ortho- 
centre  of  the  A. 

19.  Given  a  plane  angle,  find  the  Locus  of  a  point  in  space  such  that  the 
sum  of  the  projections,  on  the  sides  of  the  angle,  of  its  join  to  the  vertex  of  the 
angle,  may  be  constant. 

20.  Given  a  gauche  quadrilateral,  and  a  line  which  divides  two  opposite 
sides  proportionally;    find  a  line  perpendicular   to  this  line,  so  that  it  will 
divide  the  other  sides  of  the  quadrilateral  proportionally. 


CHAPTER  II. 

POLYHEDRA. 


Def — A  solid  has  position,  length,  breadth,  and  thickness ;  and,  for 
geometrical  purposes,  may  be  considered  as  a  portion  of  space  completely 
bounded  by  surface. 

Def — The  whole  amount  of  space  contained  by  a  specified  solid  is  called  its 
volume. 

Note — Solids,  like  plane  figures  and  solid  angles,  are  identically  equal  when 
they  can  be  imagined  to  be  superposed  so  as  to  produce  complete  coincidence. 
In  such  imagined  superposition  the  solids  must  be  considered  capable  of  inter- 
penetrating each  other  :  in  short  we  consider  them  to  be,  as  it  were,  the  ghosts 
of  solids. 

Def — A  portion  of  space  completely  bounded  by  planes,  is  called  a  poly- 
hedron ;  the  bounding  planes  are  called  \hcfaces  of  the  polyhedron  ;  the  lines 
of  intersection  of  the  faces  are  called  the  edges  of  the  polyhedron  ;  and  the  ends 
of  the  edges  are  called  the  comers  of  the  polyhedron. 

Note — Any  corner  will  be  properly  termed  a  vertex  of  the  polyhedron,  when 
considered  with  respect  to  an  opposite  face  taken  as  base ;  and  then  the  perpen- 
dicular from  the  vertex  on  the  base  is  called  the  altitude  of  the  polyhedron  with 
respect  to  that  corner  and  face. 

THEOREM  (i}— (Enter' s}  If  a  convex  polyhedron  has  E  edges,  C  corners, 
and  IF  faces,  then  E  +  2  =  F  +  C. 

Imagine  the  polyhedron  built  up  by  adding  its  polygonal  faces  successively; 
so  that  the  common  edges  of  each  new  face  and  the  system  of  old  faces  shall  be 
continuous. 

Let  Er,  Cr  be  values  of  E  and  C  when  r  faces  have  been  put  together. 
Begin  with  a  face  of  a  sides. 

Then  E,  =  a,    C,  =  a. 

Now  add  a  face  of  b  sides,  this  will  give  b  —  i  new  edges,  and  b  —  2  new 
vertices.  / 

.-.    E2  =  a  +  b  -  i,    C2  =  a  +  b  -  2. 
.-.     Ea  -  C,  =  i. 
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Sim'ly     E3  -  C3  -  2. 

&c. 

And     Er  -  Cr  =  r  -  i. 

The  last  result  is  true  until  we  get  to  the  final  (i.e.  closing)  face,  the  addition 
of  which  gives  no  new  edge  or  corner. 

.'.  ,  if  n  additions  close  the  polyhedron,  we  shall  have 

En  —  Cn  =  En— i  —  Cn—  i  =  n  —  2. 
But     En  =  E,    Cn  =  C,   and   n  =  F. 
.-.     E  +  2  =  F  +  C. 


Listings  Extensions  of  Eukrs  Theorem. 

(i) — In  an  open  sheet,  formed  of  polygonal  facets,   F  +  C  =  E  +  i. 

(2) — If  all  space  is  divided  into  R  convex  regions  by  interfaces,  which  have 
F  faces,  C  corners,  and  E  edges,  then  F  +  C  =  E  +  R. 

For  take  out  an  interface,  which  is  an  open  sheet :  this  diminishes  R  by  a 
unit ;  and,  by  (i),  the  result  is  true  with  this  interface  if  it  is  true  without  it. 

Thus,  taking  out  all  the  interfaces  in  succession,  we  are  left  with  a  poly- 
hedron, for  which  it  is  true  by  Eukrs  Theorem. 

(3) — In  a  polyhedron,  with  an  aperture  like  a  ring,   F  +  C  =  E. 

For  mark  off  a  polygon  of  edges  round  the  ring  :  cut  it  across  by  a  facet  with 
this  perimeter ;  and  draw  the  two  cut  faces  asunder. 

Then  we  have  an  ordinary  polyhedron  with  two  more  faces. 


Note — When  making  deductions  from  Eulers  Theorem  the  following  notation 
is  useful.     In  any  polyhedron  let 

f3  be  the  number  of  triangular  faces. 
£,        „  „  quadrangular  „ 

f5        „  „  pentagonal       „ 

&c. 

53  .,  .,  trihedral   angles. 

54  „        .    „  tetrahedral    ,, 
sg       „           ,,             pentahedral  ,, 

&c. 

...     F  =  f3  +  f4  +  f5  +  &c. 
C  =  s3  +  s4  +  s5  +  &c. 
Now  each  edge  belongs  to  two  faces,  and  ends  in  two  corners. 

.-,     2E  =  sf3  +  4f4  +   5ft  +  &c. 
and     2E  =  383  +  484  +  585  +  &c. 
D    2 
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v 
Whence,  e.  g.,  f 3  +  fs  +  f7  +  &c.  is  an  even  number, 

so  also     S3  +  S5  +  S7  +  &c.         „  „ 

Hence  the  Theorem:  In  any  polyhedron — 
i°,  an  even  number  effaces  have  each  an  odd  number  of  sides  ; 
2°,  an  even  number  of  solid  angles  have  each  an  odd  number  of  edges. 


Def — a  polyhedron  whose  faces  are  equal  and  regular  polygons  is  called 
regular. 

Theorem  (2) —  There  cannot  be  more  than  Jive  regular  polyhedra. 

For  let  n  be  the  number  of  sides  in  one  of  the  faces  of  a  reg'r  polyhed'  • 
and  a  the  number  of  degrees  in  an  A  of  a  face. 

Then    a  =  ^— ^.i8o°(£.^.  p.  57). 

i°,  if  n  =  6,  a  =  120°,  and  30,  =  360°. 
But  sum  of  pi'  A8  forming  a  solid  A  <  360°. 

.•.     the  A3  of  reg'r  hexagons  cannot  form  a  solid  A- 
And,  a  fortiori,  no  solid  A  can  be  formed  of  reg'r  pol's  of  more  than  6  sides. 
2°,  if  n  =  5,  a  =  108°,  and  3 a  =  324°. 

•'•     3  reg'r  pentagons  will  form  a  solid  A  J  but  not  more  than  3. 
3°,  if  n  =  4,  a  =  90°,  and  3 a  =  270°. 

/.     3  squares  will  form  a  solid  A  5  but  not  more  than  3. 
4",  if  n  =  3,  a  =  60°,  30,  =  1 80°,  4a  =  243°,  50,  =  300°. 

.-.     3,  4,  or  5  eqnilat'  A8,  but  not  more,  will  form  a  solid  A- 
Thus  there  cannot  be  more  than  five  regular  polyhedra :  these  are — 


(i)  The  regular  tetrahedron 
(or  triangular  pyramid)  formed 
by  four  equilat'  A8. 
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(2)   The     regular    hexahedron 
(or  cube)  formed  by  six  sq's. 


(3)    The     regular    octahedron 
formed  by  eight  equilat'  As. 


(4)  The  regular  dodecahedron 
formed  by  twelve  reg'r  pent's. 
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(5)   The     regular     icosahedron 
formed  by  twenty  equilat'  A*. 


That  each  of  these  has  an  existence  may  be  proved  by  solving  the  Problem  of 
its  construction. 

The  following  are  outlines  of  a  mode  of  construction  in  each  case — 

i°,  for  the  tetrahedron — take  an  equilat'  A,  and  erect  a  J_  to  its  pi',  at  its 
centre :  from  each  of  its  corners,  inflect,  to  meet  this  J_,  lines  equal  to  a  side  of 
the  A  :  these  lines  will,  with  the  sides  of  the  original  A,  form  a  regular  tetra- 
hedron. 

2°,  for  the  cube — take  a  sq',  and  at  each  of  its  corners  erect  a  J_  to  its  pi', 
and  make  each  of  them  equal  to  a  side  of  the  sq' :  then  joining  their  ends  suc- 
cessively, a  cube  is  formed. 

3°,  for  the  octahedron — take  a  sq',  and,  at  its  centre,  erect  a  _L  to  its  pi', 
producing  it  both  ways  indefinitely :  from  the  corners  of  the  sq'  inflect  lines, 
each  equal  to  a  side  of  sq',  and  drawn  on  each  side  of  its  pi',  to  meet  this  _L  : 
the  figure  formed  is  a  regular  octahedron. 

4°,  for  the  dodecahedron — take  a  reg'r  pent',  and  from  a  corner  draw  a  line 
equal  to  its  side,  and  making  with  each  adjacent  side  an  A  the  same  as  an  A 
of  the  pent' :  do  the  same  at  each  of  the  corners :  complete  the  pent's  thus 
partially  formed :  this  gives  a  cup,  with  a  serrated  edge,  made  of  six  reg'r  pent's. 
Construct  another  cup  identical  with  this.  The  two  cups  will  fit  together  at 
their  serrated  edges,  and  form  a  regular  dodecahedron. 

5°,  for  the  icosahedron — take  a  reg'r  pent',  and  erect  a  J_  at  its  centre : 
inflect  lines  from  its  corners  to  meet  this  _L,  so  that  each  of  them  =  a  side  of 
pent' :  this  gives  a  reg'r  pentagonal  pyramid  (cf.  p.  48) :  then  on  each  side  of 
the  original  pent'  describe  an  equilat'  A,  so  that  its  pi'  is  inclined  to  the 
adjacent  triangular  face  of  the  pyr'  at  the  same  A  as  any  two  adjacent  triangular 
faces  of  the  pyr'  are  inclined  to  each  other.  This  gives  a  cup  with  a  serrated  edge 
made  up  often  equilat'  As.  Make  another  cup  identical  with  the  former.  The 
two  cups  will  fit  together  at  their  serrated  edges,  and  form  a  regular  icosahedron. 
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TABLE  SHOWING  THE  NUMBER  OF  PARTS  OF  EACH 
REGULAR  SOLID. 


NAME  OF 
POLYHEDRON. 

§ 

I 
* 

N°  of  edges. 

N°  Of 

solid  angles. 

N°  of  sides  in 
each  face. 

>ti 

^     «     V. 

•S   <to  -sj 

8          >N» 

i5 

Tetrahedron    .  .  . 

4 

6 

4 

3 

3 

Cube    

6 

12 

8 

•3. 

Octahedron  

8 

12 

6 

3 

4 

Dodecahedron... 

12 

30 

20 

5 

3 

Icosahedron  

20 

30 

12 

3 

5 

The  discussions  of  the  dodecahedron  and  icosahedron  are  tedious,  complex, 
and  lead  to  nothing  further  :  they  are,  in  fact,  isolated  geometrical  curiosities. 
There  is  however  one  striking  relation  between  them  worth  noticing. 
On  examination  of  the  table  above  we  see  that 

N°  of  solid  As  in  tet'       =  N°  of  faces  in  tet' 
„  .,  „  cube     =    „  „         oct' 

„  oct'       =    „  „         cube 

„  „  ,,  dodec'  =    ,,  ,,         icos' 

„  icos'      =    „  „         dodec'. 

From  this  it  is  evident  that  the  centres  of  the  faces  of  a  reg'r  solid  are  thjfc 
vertices  of  an  inscribed  solid — the  solids  being  related  thus — 
a  tet'       may  be  inscribed  in  a  tet' 
an  oct'  „  ,,  cube 

a  cube  „  „        an  oct' 

an  icos'  „  „        a  dodec' 

a  dodec'  ,,  „        an  icos'. 

Note — The  regular  polyhedra  were  formerly  called  The  Platonic  Bodies;  and 
the  consideration  of  their  properties  seems  to  have  much  occupied  the  attention 
of  Greek  Geometricians.  It  is  noticeable  that,  though  the  three  simpler  forms 
of  them  enter  largely  into  Crystallography,  no  crystal  has  yet  been  found  of  the 
shape  of  either  of  the  two  more  complex. 
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PARALLELEPI  PEDS. 

Def — A  polyhedron  bounded  by  six  planes,  in  such  a  manner  that  each 
opposite  pair  are  parallel,  is  called  a  parallelepiped  ;  and  the  four  joins  of 
its  opposite  corners  (drawn  through  the  solid)  are  called  its  diagonals. 

THEOREM  (3) — The  opposite  faces  of  a  parallelepiped  are  identically  equal 
parallelograms  ;  and  any  section  of  it  by  a  plane,  which  cuts  two  opposite  pairs 
effaces,  without  cutting  the  remaining  pair,  is  a  parallelogram. 


Let  the  polyhed'  ABCDPQRS  be  contained  by  six  pi's,  whereof  the  pair 
AC,  PR  are  || ;  as  also  the  pair  CS,  BP ;   and  the  pair  BR,  AS. 

Since  the  ||  pi's  AS,  BR  are  cut  by  pi'  QS, 

/.     their  intersections  PS,  QR  are  ||. 

Sim'ly  PQ,  RS  are  ||. 

/.     PQRSisad 

Sim'ly  every  face  is  a  D. 

.-.     AB  =  PQ,  and  BC  =  QR. 

Also,  since  AB,  BC  are  respectively  ||  to  PQ,  QR, 

A  A 

.-.     ABC  =  PQR. 

.-.     DABCD  —  OPQRS. 
Sim'ly  for  each  other  opposite  pair  effaces. 

Now  let  any  pi'  WXYZ  cut  the  opposite  pairs  effaces  AS,  BR  and  BP,  CS ; 
bat  not  cut  PR,  AC. 
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Then  WZ,  XY  are  ||,     v  they  are  the  sections  of  the  ||  pi's  AS,  BR  by  the 
pi'  WY. 

Sim'ly  WX,  YZ  are  || ; 
/.     WXYZ  is  a  CU. 


Note — If  the  plane  were  also  to  cut  the  planes  PR,  AC,  the  section  would  be 
a  hexagon. 


THEOREM  (4) — The  four  diagonals  of  a  parallelepiped  have — 
i°,  a  common  mid point ;  and 

2°,  the  sum  of  the  sqiiares  on  them  equal  to  the  sum  of  the  squares  on  the  twelve 
edges,  or  to  four  times  the  sum  of  the  squares  on  any  three  conterminous  edges. 


Let    ABCDWXYZ    be    a 
||  Ped,  so  that  AY,  BZ,  C  W,  DX 

are  its  diag's. 


Then,  i°,  AW,  CY,  being  each  equal  and  ||  to  BX,  are  equal  and  ||  to  each 

other. 

.-.    ACYW  is  a  a ; 

and     /.     its  diag's  AY,  CW,  bisect  each  other. 
Sim'ly  CW,  BZ  bisect  each  other ;  as  also  BZ,  DX  ;  and  DX,  AY. 

/.     there  is  a  p't  O  which  is  the  mid  p't  of  all  four. 
And,  2°,      AY2  +  BZ2  +  CW2  +  DX2  (E.R-?.  107). 

=  AW2  +  CY2  +  YW2  +  CA2  +  BX2  +  DZ2  +  XZ2  +  BD2 

=  AB2  +  BC2  +  CD2  +  DA2  +  XY2  +  YZ2  +  ZW2  +  WX2 

+  AW2  +  BX2  +  CY2  -t-  DZ2. 
=  4(AB2  +  AD2  +  AW2). 


£>ef — When  the  faces  of  a  parallelepiped  are  rectangles,  it  is  called  a 
rectangular  parallelepiped ;  and  when  these  rectangles  are  also  squares,  it 
is  a  cube. 
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THEOREM  (5) — The  square  on  a  diagonal  of  a  rectangular  parallelepiped  is 
equal  to  the  sum  of  the  squares  on  three  adjacent  edges. 


Let  OX,  OY,  OZ  be  three  concurrent 
edges  of  a  rect'r  ||i>ed  ;  OP  the  diag' 
thro'  O  ;  N  the  rem'g  corner  of  £U  XOY. 


Then  PN  is  _L  to  pi'  XOY ;  so  that  PNO  is  r't. 

-.     OP2  =  ON2  +  PN8  =  OX2  +  NX2  +  OZ2  =  OX2  +  OY2  +  OZ2. 


Cor' — In  the  case  of  a  cube — 

(Diag')2  =  3  (an  edge)2. 


THE  METHOD  OF  LIMITS. 

Euclid's  treatment  of  the  surfaces  and  volumes  of  solids,  is  extremely  tedious ; 
and  we  shall  therefore  substitute  for  it  the  much  more  compact,  though  not  less 
accurate,  method  of '  Limits?  The  basis  of  this  method  is  given  by  Newton 
(Principia,  Book  I.  Lemma  I)  in  these  words — 

'  Quantities,  and  the  ratios  of  quantities,  which,  in  any  futile  time,  tend  con- 
stantly to  equality  ;  and,  before  the  end  of  that  time,  approach  nearer  to  each 
other  than  by  any  assignable  difference^  become  ultimately  equal? 

For  proof  of  this  Newton  says — 

'  If  you  deny  it ;  let  them  become  ultimately  unequal,  and  let  their  ultimate 
difference  be  D.  Therefore  they  are  unable  to  approach  nearer  to  equality  than 
by  the  assignable  difference  D  :  contrary  to  the  hypothesis.' 

Another  way  of  putting  the  same  idea  is  this — 
If  A,  B,  C,  D  arc  quantities  such  that 

A: B  =  C:  D; 

and  if  P,  Q  are  quantities  such  that  they  can  be  made  as  near  as  we  please  to 
C,  D  respectively  (where  P  >  or  <  C,  according  as  Q  >  or  <  D), 
then,  ultimately,  A  :  B  =  P  :  Q. 
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For  suppose  that  C  —  P  +  X,  and  D  =  Q  +  Y :  where  X  and  Y  may  be 
made  as  small  as  we  please. 

Then  A:B  =  P  +  X:Q  +  Y. 
Now  if  A  :  B  $  P  :  Q, 
let  Z  be  such  a  quantity  that 

A  :  B  =  P  :  Q  +  Z. 
.-.     P  +  X:Q  +  Y  =  P:Q  +  Z. 

Since,  by  hypoth',  X,  Y  can  be  taken  as  small  as  we  please,  take  them  so 
that  Y  <  Z. 

.-.     Q  +  Y  <  Q  +  Z. 

.-.     P  +  X<  P; 
which  is  absurd. 

Sim'ly  the  assumption  that 

A  :  B  =  P  :  Q  -  Z, 
would  lead  to  an  absurdity. 

.-.    A  :  B  =  P  :  Q. 
As  examples — 

Let  reg'r  pol's  of  n  sides  be  inscribed  in  two  Os  A,  B,  whose  radii  are  R,  r. 
Then  perim'  of  pol'  in  A  :  perim'  of  pol'  in  B  =  R  :  r. 
But,  by  increasing  n  sufficiently,  we  can  make 

circumf '  of  A  :  circumf  of  B  J  as  near  as  we 

=  perim'  of  pol'  in  A  :  perim'  of  pol'  in  B   $        please. 

/.     circumf  of  A  :  circumf  of  B  =  R  :  r. 
Again,  area  pol'  in  A  :  area  pol'  in  B  =  R2  :  r2. 
But,  by  increasing  n  sufficiently,  we  can  make 

area   of  A  :  area  of  B  )  as  near  as  we 

=  area  pol'  in  A  :  area  pol'  in  B   '        please. 
.-.    area  of  A  :  area  of  B  =  R2  :  r2. 


Def— That  quantity  to  which  a  second  quantity  continually  approaches,  and 
from  which  it  can  be  made  to  differ  by  less  than  any  assignable  magnitude,  is 
termed  the  Limit  of  the  second. 

E.g.  The  Limit  of  i  +  \  +  J  +  J-  +  &c,  ad  infiri  is  2. 

The  Limit  of  the  reg'r  inscribed  and  circumscribed  pol's  of  a  0  is  the 
O  itself. 
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A  quantity  approaches  its  Limit  by  the  variation  of  some  other  quantity  on 

which  it  depends  :  thus  in  Trigonometries  it  is  shown  that  the  Limit  of  —  —  , 

0 

as  0  diminishes  indefinitely,  is  unity. 
This  will  be  indicated  by  the  notation 


&c. 


A    j       rt          (  Reg'r  pol'  of  n  sides  inscribed  in,  )  .    ,,      ~ 
And      Lwmm\        or  circumscribed  about,  a  O        |  1S  thc  °' 

Note—Ry  the  def  of  IT  (E  •  R  •  p.  26)  ; 
IT  :  i  =  two  right  angles  :  a  radian, 

=  semi-circumf  of  a  O  :  an  arc  of  it  equal  to  its  radius. 
=  circumf  :  2  r, 

/.     circumf  of  a  O  =  2  IT  r. 

Again,  area  of  a  reg'r  pol'  =  \  rect'  under  its  perim'  and  its  apothem. 
But,  when  the  number  of  sides  of  the  pol'  is  increased  indefinitely, 
the  Limit  of  its  area  =  area  of  its  circum-O, 
„  „       perim'   =   circumf  „ 

„  „  apothem    =   radius  „ 

.-.  ,  ultimately,  area  O  =  irr2. 


ON  THE  ALGEBRAIC  REPRESENTATION  OF  GEOMETRIC  MAGNITUDE. 

i°,  if  two  given  mag's  A,  B,  are  commensurable,  there  is  some  unit  X,  such 
that 

A  =  mX,  and  B  -  nX; 

where  m,  n  are  whole  numbers  ; 

and,  in  this  case,  A  and  B  are  properly  represented  by  m  and  n  respectively. 

2°,  if  A,   B  are  incommensurable,  so  that  they  have  no  common  unit  of 
measurement ; 

let  m  A  lie  between  n  B  and  (n  +  i)  B. 

.-.     A  lies  between  —  B  and/^L  +  _L\  B. 
m  \m      m/ 

Now,  by  making  m  large  enough,  we  can  bring  these  two  Limits  of  A  as 

near  together  as  we  please  :  i.  e.  as  near  as  we  please  to  —  B. 

m 
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So  that,  if  B  is  the  unit,  A  is  represented  by  —  ,  to  any  degree  of  accuracy. 

The  practical  process  of  finding  successively  approximate  values  of  — 
is  given  in  Algebra,  under  the  head  of '  Continued  Fractions? 

E.  g.  (as  in  E-  R-  p.  238)  if  the  side  of  a  sq'  is  taken  as  unit,  its  diag'  is 
represented  more  and  more  nearly  by  the  fractions 

f ,  £  ii  ii  &c. 

Hence  when  we  represent  two  geom'  mag's  A,  B  by  letters  m  and  n,  we 
mean  that  A,  B  each  contain  a  unit  of  measurement,  either  exactly  m  and  n 
times  respectively,  or  as  nearly  exactly  as  we  please. 

Def — The  unit  of  area  is  the  square  whose  side  is  the  unit  of  length  ;  and 
the  unit  of  volume  is  the  cube  whose  edge  is  the  unit  of  length. 


Let  a  be  the  number  of  units  of  length 
in  the  side  of  a  rect' ;  then  if  the  other  side  contains 
b  of  the  same  units,  the  number  of  units  of  area 
in  the  rect'  is  ab. 


But  if  the  other  side  contains  this  unit  b  times,  with  a  rem'r  cont'g  x  smaller 
units,  then 

area  rect'  =  ab  units  of  area  +  a  rect's,  each  of  whose  sides  are  a,  x  ; 

i.  e.  =  ab  units  of  area  +  rect'  under  a,  x. 

But,  by  taking  the  original  unit  small  enough,  we  can  make  the  rect'  under 
a,  x  less  than  any  assignable  area. 

.•.  ,  ultimately,  area  rect'  =  ab  units  of  area. 

Now  if  we  suppose  a  rect'r  ||Ped,  of  which  this  rect'  whose  sides  are  a,  b  is 
base,  and  whose  alt'  (i.  e.  edge  _L  to  pi'  of  rect')  is  C  ;  then,  if  a,  b,  c  are  com- 
mensurable, 

vol'  ||Ped  =  abc  units  of  vol'. 

But,  if  not,  let  the  alt'  contain  the  unit  of  length  c  times,  with  a  rem'r  cont'g 
y  smaller  units. 

Then  vol'  ||Ped  =  abc  units  vol'  +  a  ||Ped  whose  edges  are  a,  b,  y. 

And  (as  before)  by  taking  the  unit  small  enough,  we  can  make  the  ||Ped  under 
a,  b,  y  as  small  as  we  please. 

.-.  ,  ultimately,  vol'  ||Ped  =  abc  units  volr. 
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THE  PRISM. 

Def — A  prism  is  a  polyhedron  formed  between  two  parallel,  identically 
equal,  and  similarly  placed  polygons,  by  joining  their  corresponding  corners : 
these  polygons  are  called  the  ends,  or  bases,  of  the  prism  ;  and  the  sides  formed 
by  joining  the  corresponding  corners — which  sides  of  course  are  parallelograms 
— are  called  the  lateral  faces,  or  sides,  of  the  prism. 

THEOREM  (6) — If  a  prism  is  cut  by  parallel  planes,  the  sections  are  identi- 
cally equal  polygons . 


Let  prism,  whose  ends  are 
ABODE,  abode,  be 'cut  by  || 
pi's,  giving  as  sections  the  pol's 
PQRST,  pqrst. 

Then  the  part  of  any  face 
(as  PQ  qp)  intercepted  by  the 
pi's  is  a  O  ;  so  that  each  side 
of  one  pol'  (as  PQ)  =  the 
corresponding  side  pq  of  the 
other.  A 

Also   any  PQR  =  the   cor- 

A 
^spending  pqr. 


.-.     pol'  PQRST  5  pol'  pqrst. 


Def — A  section  of  a  prism  made  by  a  plane  perpendicular  to  its  edges  is 
called  a  right  section. 

THI.OKI.M  (7)  -    /'//<•  lateral  stir-face  of  a  prism  is  equal  to  the  rectangle  under 
a  lateral  edge  and  a  line  equal  in  length  to  the  perimeter  of  a  right  section. 

In  the  last  fig'  let  PQRST  be  a  r't  section  ; 

and  let  1  be  length  of  any  one  of  the  lat'  edges. 
Then  area  CD  ABba  =  Aa . PQ  =  1  .  PQ. 
And  sim'ly  for  each  of  tin-  others. 
.'.     sum  of  areas  of  O§  (i.  e.  area  lat'  surf  prism) 
=  1  (PQ  +  QR  +  &c.. 
i.e.  -  1  .  perim'  of  r't  section. 
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Def — A  prism  is  said  to  be  right,  or  oblique,  according  as  its  ends  are,  or 
are  not,  perpendicular  to  its  edges. 

THEOREM  (8) — If  a  is  the  mimber  of  units  of  length  in  a  line,  and  |3  the 
number  of  units  of  area  in  a  polygon  ;  then  a|3  is  the  mimber  of  units  of  volume 
in  a  right  prism  of  altfaide  a  and  base  |3. 

For  each  unit  of  area  in  the  base  gives  a  rectangular  ||Ped,  whose  base  is  the 
unit  of  area,  and  altitude  a;  and  which  .*.  contains  a  units  ofvol'. 
And  the  whole  prism  is  made  up  of  |3  such  ||Peds. 

.-.     vol'  prism  =  a(3  units  of  vol'. 

THEOREM  (9) — If$  is  the  mimber  of  iinits  of  area  in  the  right  section  of  an 
oblique  prism,  and  a.  the  number  of  units  of  length  in  a  lateral  edge  ;  then\s 
volume  is  a|3  units  of  volume, 
t 


Let    ABODE,   abcde,  be 

the  bases  of  an  oblique  prism  ; 
PQRST  a  r't  section  of  the 
prism. 

Produce  aA  to  p,  so  that 
ap  =  AP ;  and  thro'  p  let  the 
pi'  ||  to  the  r't  section  be  drawn, 
cutting  the  produced  edges  of 
the  prism  in  p,  q,  r,  s,  t ;  and 
forming  a  r't  section  of  the 
extended  prism. 


If  we  suppose  the  edges  of  the  prism  pc  to  be  shifted  along  their  own  direc- 
tions until  q  coincides  with  Q,  the  prism  pc  will  then  coincide  with  the  prism 
PC;  v  BQ  =  bq,  CR  =  cr,  £c. ; 

/.     prism  PC  EE  prism  pc. 
vol'  prism  Ac  =  vol'  right  prism  Pr ; 
i.  e.  =  a. 


Cor1  (i) — Prisms  on  equal  bases  and  of  equal  alt's  have  equal  vol's. 
Cor1  (2) — Prisms  on  equal  bases  are  prop'l  to  their  alt's. 
Cor1  (3) — Prisms  of  equal  alt's  are  prop'l  to  their  bases. 
Cor1  (4) — As  in  E-R-y-  274,  the  last  two  Car's  give — Prisms  are  to  each 
other  in  the  ratio  which  is  compounded  of  the  ratios  of  their  bases  and  alt's. 
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THE  PYRAMID. 

Def — If  any  number  of  triangles  are  so  placed  that  they  have  one  corner  in 
common,  and  that  their  sides  opposite  this  corner  form  a  polygon,  then  the 
polyhedron  formed  by  the  triangles  and  the  polygon  is  called  a  pyramid ;  the 
polygon  is  called  the  base  of  the  pyramid ;  the  triangles  are  called  the  lateral 
faces,  or  sides,  of  the  pyramid ;  the  common  corner  of  the  triangles  is  called  the 
rcrtt-x  of  the  pyramid ;  and  the  perpendicular  from  the  vertex  on  the  base  is 
called  the  altitude  of  the  pyramid. 

Note  (i)— When  the  polygon  is  regular,  and  its  centre  coincides  with  the  foot 
of  the  altitude  of  the  pyramid,  then  the  pyramid  is  said  to  be  regular ;  and  the 
altitude  is  called  its  axis. 

Note  (2) — A  pyramid  is  said  to  be  triangular,  quadrilateral,  pentagonal,  &c., 
according  as  its  base  is  three,  four,  five,  &c.  sided. 

Note  (3) — When  the  polygon  is  a  triangle  the  pyramid  is  contained  by  four 
triangles,  and,  in  that  case,  any  one  of  these  triangles  may  be  considered  as 
base,  and  any  corner  as  vertex.  A  triangular  pyramid  is  usually  called  a  tetra- 
hedron—fat regular  form  of  which  has  been  considered  among  the  five  regular 
solids  (p.  36).  Among  polyhedra  the  tetrahedron  occupies  the  same  position  of 
relative  importance  that  the  triangle  does  among  polygons. 

Note  (4) — Two  pyramids  are  said  to  be  symmetrical,  when  their  bases  may 
be  made  to  coincide,  and,  being  made  to  coincide,  the  join  of  their  vertices  is 
then  bisected  at  right  angles  by  the  base-plane. 

Def — The  part  of  a  pyramid  intercepted  between  two  planes  parallel  to  its 
base,  is  called  a  frustrum  of  a  pyramid,  or  a  truncated  pyramid ;  and  the 
sections  made  by  the  planes  are  called  the  ends,  or  bases,  of  the  frustrum. 

THEOREM  (10) — 7/"p  is  the  perimeter  of  the  base  of  a  regular  pyramid,  p' 
the  perimeter  of  a  section  parallel  to  the  base,  h  the  altitude  (drawn  from  the 
vertex  of  the  pyramid}  of  one  of  its  lateral  faces,  and  a  the  distance  between  a 
corresponding  pair  of  sides  of  the  ends  of  the  f rust  nun  ;  then — 

i°,  the  lateral  surface  of  the  pyramid  is  \  hp  ;  and, 
2°,  the  lateral  surface  of  the  frustrum  is  \  a  (p  +  p'). 

For,  1°,  each  lat'  face  of  pyr'  is  a  A  whose  area  is  J  h  (its  base). 

/.  lat'  surf  of  pyr'  =  \  hp. 

And,  2°,  each  lat'  face  of  frust'  is  a  trapezium  whose  area  is  \  a  (sum  of  its 
unequal  sides). 

.-.  lat'  surf  of  frust'  =  \  o  (p  +  p'). 
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THEOREM  (n) — If  pyramids  of  equal  altitudes  are  cut  by  planes  parallel  to 
their  bases,  and  at  equal  distances  from  their  vertices,  the  sections  are  in  the 
same  ratio  as  the  corresponding  bases. 


Let  VABCD,  vabc  be  pyr's  whose  alt's  VN,  vn  are  equal. 
Place  them  so  that  their  bases  are  in  one  pi'  and  V,  v  on  same  side  of  this  pi'. 
Let  a  pi'  ||  to  the  base-pi'  cut  VA,  VB,  VC,  VD,  VN  in  P,  Q,  R,  S,  X ;  and 
va,  vb,  vc,  vn  in  p,  q,  r,  x,  respectively. 

Then  PQ,  AB  are  ||,    v  they  are  sections  of  ||  pi's  PR,  AC  by  pi'  AQ. 
Sim'ly  PS,  AD  are  || ;  and  so  on  round  the  pol's. 

A  A 

.-.     BAD  =  QPS,  &c. 

Also  AB : PQ  =  VA : VP  =  AD :  PS,  &c. 
.-.     ABCD,  PQRS  are  sim'r. 

So  also  abc,  pqr  are  sim'r. 
.-.     PQRS  :  ABCD  =  PQ2  :  AB2, 

and  pqr  :  abc  =  pq2  :  ab2. 

But  PQ2  :  AB2  =  VX2  :  VN2  =  vx2  :  vn2  =  pq7  :  ab2. 
.-.     PQRS  :  ABCD  =  pqr  :  abc, 
E 
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Cor  (i) — If  pyr's  have  the  same  alt's  and  bases  of  equal  area,  the  sections 
made  by  a  pi'  ||  to  the  base-pi'  are  of  equal  area. 

Cor  (2) — If  a  pyr'  is  cut  by  a  pi',  ||  to  its  base-pi',  the  lateral  edges  and  alt' 
are  divided  proportionally ;  and  the  section  is  sim'r  to  the  base. 

Cor'  1^3) — In  a  pyr'  the  areas  of  sections  ||  to  the  base  are  in  the  dupl'  ratio 
of  their  respective  dist's  from  the  vertex. 


THEOREM  (12) — If  triangular  pyramids  (i.e.  tetrahcdra]  have  equal  alti- 
tudes, and  bases  of  equal  area,  then  they  have  equal  volumes. 


X, 


Let  VABC,  vabc,  be  pyr's  of  equal  alt's,  and  whose  bases  ABC,  abc,  arc 
of  equal  area. 

Place  them  so  that  ABC,  abc  are  in  the  same  pi',  and  V,  v  on  the  same  side 
of  that  pi' :  then  V,  V  are  equidist'  from  that  pi'. 
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Divide  AV  into  any  number  of  equal  parts  in  Xj,  X2,  &c. 
Let  pi's  thro'  X,,  X2,  &c.,  ||  to  pi'  of  bases,  cut  edges  VB,  VC,  &c.  in  Y,,  Y2, 
&c.,  and  Zj,  Z2,  &c.  respectively  :  these  pi's  will  cut  the  other  pyr'  in  As  x,  yl  zlt 
X2y2z2,  &c.,  respectively  equal  to  A*  Xi  Yt  Zlt  X2Y2Z2,  &c. 

Thro'  Y!  Z1?  Y2  Z2,  &c.,  draw  pi's  ||  to  VA,  and  meeting  ABC,  Xl  Y,  Zp  &c., 
in  PQ,  P!  Qj,  &c. ;  and  construct  for  pq,  pl  q1}  &c.,  sim'ly  in  the  other  pyr'. 
Then  vol'  prism  APQ  Xj  Yt  Zt  =  vol'  prism  apq  ^  yt  zlt 

•.'     they  have  equal  bases  and  equal  alt's. 
Sim'ly  vol'  prism  X!  Px  Q.l  X2  Y2  Z2  =  vol'  prism  Xj  pt  qt  X2  y2  Z2. 

And  so  on  for  all  the  corresponding  prisms. 
.-.     2  (prism  APQ  Xi  Y!  Zj)  =  2  (prism  apq  xt  y!  z^- 
Now  2  (prism  APQX^,  ZO  differs  from  pyr7  VABC  by  5  (prism  PBCZjY,). 
And  2  (prism  apq  Xj  yl  Zj)  differs  from  pyr'  vabc  by  2  (prism  pbcZj  y,). 
/.    pyr'  VABC  —  pyr7  vabc, 
=  2  (prism  PBCZ!  Yx)  -  2  (prism  pbc  Zj  yO, 
and  .'.    <  2  (prism  PBCZ^), 
i.  e.  <  frustrum  PBCV 

<  a  mag'  which  can  be  made  as  small  as  we  please, 
and  /.   =  o,  ultimately. 

/.     vol'  py/  VABC  =  vol'  pyr*  vabc. 


THEOREM  (13) — The  volume  of  a  pyramid  whose  base  contains  P  units  of 
area,  and  whose  altititde  is  a  tmits  of  length,  is  ^a|3  units  of  volume. 


i°,  take  a  py/  VABC,  whose  base  is  the 
A  ABC. 

Let  ||s  AD,  CE,  to  BV,  meet  a  pi'  thro'  V 
||  to  ABC  in  D,  E:  join  DE. 

This  gives  a  prism  ABC  EVD. 


GEOMETRY    IN     SPACE. 


Let  pi'  DVC  cut  pi'  AGED  in  DC. 
Then  DC  bisects  the  O  AGED. 

pyr'VACD  =  pyr' VECD, 

they  are  on  equal  bases,  and  of  same  alt' 
Also  A  DVE  =  A  ABC. 

pyr'  CDVE  =  pyr'  VABC. 

pyr'  VABC  =  J  prism, 


2°,  take  a  pyr'  VABCD, 
&c.,  whose  base  is  the  polygon 
ABCD,  &c. 

The  pi's  VBD,  VBE,  &c., 
divide  it  into  pyr's  whose  bases 
are  A8  BCD,  BDE,  &c. ;  and 
all  these  pyr's  have  same  alt' 
as  original  pyr'. 


pyr'  VABC  &c.  =  £a  (A  BCD  +   A  BDE  +  &c.) 


Cor  (i) — Pyr's  on  equal  bases,  and  of  equal  alt's  have  equal  vol's. 
Cor  (2) — Pyr's  on  equal  bases  are  prop'l  to  their  alt's. 
Cor1  (3) — Pyr's  of  equal  alt's  are  prop'l  to  their  bases. 
Cor1  (4)— As  in  E-  A'-  p.  274,  the  last  two  Cor's  give— 
Pyr's  are  to  each  other  in  the  ratio  which  is  compounded  of  the  ratios  of 
their  bases  and  alt's. 


THKOKKM  (14) — The  volume  of  afntstnim  of  a  pyramid  is  equal  to  the  sum 
of  the  volumes  of  three  pyramids,  each  of  -which  has  the  same  altitude  as  the 
j 'rust rum,  and  whose  respective  bases  are  the  ends  of  the  J "rust 'rum  and  a  mean 
proportional  between  those  ends. 
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Let  h  be  the  alt'  of  the  frustrum. 

i°,  take  a  frust'  of  a  tetrahedron ;  let 
ABC,  XYZ  be  its  ends. 

The  pi's  AYC,  XYC  cut  it  into  three  tet's 
YABC,  CXYZ,  YACX. 

Let  Vu  V2,  V,  be  the  respective  volumes 
of  these. 


Then  V,  =  pyr'  of  alt'  h  and  base  ABC  ; 
andV2=  „  „  XYZ. 

Again,  taking  C  as  common  vertex  of  pyr's  CAXY,  CABY,  these  have  the 
same  alt'. 

.-.     V,  :  V3  =  A  ABY  :  A  AXY 

=  AB  :  XY,         v     As  have  same  alt' 
=  AC  :  XZ,        v     A8  ABC/XYZ  are  sim'r 
=  A  ACX  :  A  XZC 
=  V3:V2, 
i.  e.  V3  =  pyr'  of  alt'  h  and  base  a  mean  prop'l  between  ABC,  XYZ. 


2°,  let  the  ends  of  the  frust' 
be  the  sim'r  and  sim'ly  placed 
pol's  ABC,  &c.,  abc,  &c. 

By  joining  A  and  a  to  each 
rem'g  corner  of  its  own  pol', 
the  pol's  are  divided  into  the 
same  number  of  sim'r  As ; 
also  the  pi's  such  as  AC,  ca 
divide  the  polygonal  frust'  into 
tetrahedral  frustra. 
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.-.     vol'  frust'  =  sum  vol's  of  3  sets  of  pyr's  having  same  alt'  h,  and  such  that 
bases  of  one  set  are  As  of  pol'  ABC,  &c. ; 
bases  of  another  set  are  As  of  pol'  abc,  &c. ; 
bases  of  a  third  set  are  means  between  corresponding  As. 
The  first  set  =  pyi7  of  alt'  h  and  base  the  pol'  ABC  &c. ; 
the  second  set  =  pyr'  of  alt'  h  and  base  the  pol'  abc  &c. 

For  the  third  set;  let  P,  p  be  the  areas  of  the  pol's  ABC,  abc,  &c.,  re- 
spectively; and  let 

A!  ,  A2 ,  &c.  be  the  areas  of  the  successive  A8  of  P; 
8,,    82,    &c.  „  „  „  p. 

Also  let  M  be  the  mean  of  P,  p  ; 
M,  „  A,,8i; 

M2  „  A2,82; 

&c. 

Then     P   :  p  =  Ax  :  8,  =  A2  :  82  =  &c. ; 
also     P    :  p  =  dupl'  of  P  :  M, 
and     A,  :  8j  =  dupl'  of  Al  :  MI  , 

&c.,   &c. 
.-.     (E.R-v.  9)    P:M-A,    :    M,  =  A2  :  M2  =  &c. 

=  A,  +  A2  +  &c. :  M,  4-  M2  +  &c. 
But     P  =  A,  +  A2  +  &c. ; 
.«.     M  =  M,  +  M2  +  &c. 

.-.     the  third  set  of  pyr's  =  pyr'  of  alt'  h  and  base  M. 
.'.     the  Theorem  is  universally  true. 


Note—  If  the  ends  (or  bases)  of  the  frustrum  are  denoted  by  B,  b;  the  fore- 
going Theorem  gives  the  following  formula  for  arithmetic  calculation 

vol'  of  frust'  =  -  (B  +  b  +  VBb). 
This  again  may  be  conveniently  modified  as  follows — 
Let  K  be  the  ratio  of  any  pair  of  homol'  sides  of  the  bases,  so  that 

b:  B  =  K2:  i, 

.  .     b  =  BK2. 
Then  above  formula  becomes 

vol'frust'^-^O   +  K  +  K'). 
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Def  —  Polyhedra  are  said  to  be  similar  when  they  are  contained  by  faces  — 

i°,  similar  and  similarly  situated  ; 

2°,  forming  equal  similarly  situated  dihedral  angles  ; 

3°,  forming  equal  similarly  situated  solid  angles. 
Note  —  Of  the  above  conditions  any  two  being  true  necessitates  the  third. 


THEOREM  (15)  —  If  the  lesser  of  two  similar  polyhedra  is  placed  within  the 
greater,  in  suc/i  a  manner  that  each  pair  of  homologous  edges  is  parallel,  then 
the  joins  of  corresponding  corners  are  concurrent. 


Each  pair  of  faces  may  be 
divided  into  the  same  number 
of  sim'r  and  sim'ly  sit'd  As. 

Let  ABC,  abc  be  a  pair  of 
such  As;  and  let  Aa,  Bb 
meet  in  S,  and  Cc,  Bb  in  S'. 


Then  BS  :  bS  =  AB  :  ab  =  BC  :  be  =  CS' :  cS', 

.-.     S,  S'  are  the  same  point. 

Sim'ly,  by  taking  the  As  successively  all  over  the  polyhedra,  we  should  get 
concurrency  at  S,  for  all  joins  of  corresponding  corners. 


Def— The  point  S  is  called  the  centre  of  similarity  of  the  two  polyhedra. 


THEOREM  (16) — Similar  polyhedra  are  in  the  triplicate  ratio  of  their  homo- 
logous edges. 

i°,  Consider  two  sim'r  pyr's :  they  are  to  each  other  in  the  ratio  which  is 
compounded  of  the  ratios  of  their  bases  and  alt's. 

But,  taking  a  pair  of  r't  angled  As,  formed  by  the  alt's,  a  pair  of  homo- 
logous edges,  and  the  joins  of  the  feet  of  the  alt's  to  the  end  of  the  corre- 
ponding  edge,  we  get — 

alt'  of  one  :  alt'  of  other  =  edge  of  Ist :  edge  of  2nd. 
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Again,  the  bases  being  sim'r  polygons, 

base  of  one  :  base  of  other  =  dupl'  of  side  of  base  of  Ist  :  homol'  side  of  2nd. 
Lastly,  the  homol'  faces  being  sim'r  As, 
side  of  base  of  Ist  :  homol'  side  of  2nd 

=  adjoining  edge  of  Ist :  homol'  edge  of  and. 

.-.     base  of  one  pyr' :  base  of  other  =  dupl'  of  any  edge  :  its  homol'  edge. 
.-.     pyr's  are  in  ratio  compounded  of  a  pair  of  homol'  edges  with  the  dupl'  of 
a  pair  of  homol'  edges, 

i.e.  in  the  tripl'  of  a  pair  of  homol'  edges. 

2°,  Let  two  sim'r  polyhedra  be  placed  so  that  their  homologous  edges  are  || : 
then  the  lines  from  the  centre  of  similarity  through  the  corners  divide  the  poly- 
hedra into  the  same  number  of  sim'r  pyr's. 

But  each  pair  of  corresponding  pyr's  are  in  the  triplicate  ratio  of  their 
homol'  sides. 

/.    sum  pyr's  in  one  polyhedron  (i.  e.  vol'  of  polyhedron), 
:  „  other  „  „  ,,  ,, 

=  tripl'  ratio  of  a  pair  of  homol'  edges. 


THEOREM  (17) — If  four  lines  are  proportional,  and  if  similar  polyhedra  are 
similarly  described  on  the  first  pair  as  edges,  and  similar  polyhedra  are  simi- 
larly described  on  the  second  pair  as  edges,  then  as  the  polyhedron  on  the  first  is 
to  the  polyhedron  on  the  second  so  is  the  polyhedron  on  the  third  to  the  poly- 
hedron on  the  fourth  ;  and,  conversely,  if  two  similar  polyhedra  have  the  same 
ratio  as  two  other  polyhedra,  similar  to  each  other,  then  similar  edges  of  the 
first  pair  have  the  same  ratio  as  similar  edges  of  the  second  pair. 

LEMMA — If  two  ratios  are  equal,  their  triplicates  are  equal ;  and  conversely. 
Let  A,  B,  C,  D,  P,  Q,  X,  Y  be  mag's  such  that, 

A  :  B  =  B  :  X  =  X  :  Y, 
C:D=D:P=P:Q. 
i",  if  A  :  B  =  C  :  D, 
then  B  :  X  =  D  :  P, 
and  X  :  Y  =  P  :  Q, 
whence,  compounding  the  ratios,  we  get 

A  :  Y  =  C  :  Q, 
i.  e.  triplicate  of  A  :  B  =  triplicate  of  C  :  D. 
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2°,  if  A  :  Y  =  C  :  Q, 

assume  that  A:B  =  C  :  a  =  a  :  p  =  0  :  y. 
.'.     A  :  Y  =  C  :  Y- 

•••  t-Q CO 

Now  if  a  <  D,  then  p  <  P, 

and/.     Y<Q; 
which  contradicts  (i). 

And  if  a  >  D,  then  {3  >  P, 
and  .*.     Y  >  Q  ; 
which  again  contradicts  (i). 

It  remains  .-.  that  a  =  D. 

.'.     A  :  B  =  C  :  D. 

Now  let  AB,  CD,  LM,  NO  be  four  given  lines. 
On     AB,  CD  let  sim'r  polyhedra  P,  Q  be  sim'ly  described, 
and  on  LM,  NO  let  sim'r  polyhedra  X,  Y  be  sim'ly  described. 
i°,  suppose  AB  :  CD  =  LM  :  NO. 

Then  P  :  Q  =  tripl'  ratio  of  AB  to  CD 
=  tripl'  ratio  LM  to  NO 
=  X:Y. 

2°,  suppose  P  :  Q  =  X  :  Y. 

Then  tripl'  ratio  of  AB  to  CD  =  P  :  Q 

=  X:  Y 

=  tripl'  ratio  of  LM  to  NO. 
/.    AB  :  CD  =  LM  :  NO. 

THE  DELI  AN  PROBLEM — To  make  a  cube  whose  volume  is  double  that  of  a 
given  cube. 

Let  a  be  an  edge  of  the  given  cube. 

Find  (£•  R>  p.  276)  two  mean  prop'ls  x,  y  between  a  and  2  a,  so  that 

a:x  =  x:y  =  y:2a. 
Construct  a  cube  on  x. 

Then  cube  on  a  :  cube  on  x  =  tripl'  of  a  :  x 
=  a  :  2  a 
=  1:2. 
.'.     cube  on  x  =  2  cube  on  a. 


Cor' — By  taking  m  a,  in  the  above,  instead  of  2  a,  we  should  get  a  cube 
in  times  the  given  cube. 


EXERCISES    ON    POLYHEDRA. 

THEOREMS. 

1.  If  the  edges  of  a  tetrahedron  are  all  equal  the  sum  of  the  angles  at  any 
corner  is  equal  to  two  right  angles. 

2.  In  a  regular  tetrahedron  three  times  the  square  on  an  altitude  is  equal  to 
twice  the  square  on  an  edge. 

3.  In  a  regular  tetrahedron  an  altitude  is  equal  to  three  times  the  perpen- 
dicular from  its  own  foot  on  a  face. 

4.  If  the  base  of  a  tetrahedron  is  an  equilateral  triangle,  and  each  of  the 
angles  at  its  vertex  is  right ;  then — 

i°,  the  square  on  its  altitude  is  equal  to  one-third  of  the  square  on  an  edge 
terminated  in  the  vertex  ;  and 

2°,  the  sum  of  the  perpendiculars  on  the  faces,  from  any  point  in  the  base, 
is  constant. 

5.  If  the  opposite  edges  of  a  tetrahedron  are  equal,  two  and  two,  the  faces 
are  acute  angled. 

6.  The  necessary  and  sufficient  condition  that  the  altitudes  of  a  tetrahedron 
are  concurrent  is  that  the  sum  of  the  squares  on  pairs  of  opposite  edges  are 
equal. 

7.  Two  tetrahedra  are  similar  when  they  have — 

i'',  a  pair  of  dihedral  angles  equal,  and  the  containing  faces  of  the  one 
similar  and  similarly  situated  to  the  containing  faces  of  the  other,  each  to 
each ;  or 

2°,  a  pair  of  similar  faces,  and  the  adjacent  three  dihedral  angles  of  the 
one  respectively  equal  to  the  similarly  situated  dihedral  angles  of  the  other  ;  or 

3°,  three  faces  of  the  one  similar  and  similarly  situated  to  three  faces  of 
the  other ;  or 

4°,  the  five  dihedral  angles  of  the  one  equal  to  the  five  similarly  situated 
dihedral  angles  of  the  other,  each  to  each. 
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8.  A  dihedral  angle  of  a  regular  tetrahedron  is  supplementary  to  a  dihedral 
angle  of  a  regular  octahedron. 

9.  The  three  rectangles  under  pairs  of  opposite  edges  of  a  tetrahedron  are 
such  that  any  two  of  them  are  together  greater  than  the  third. 

10.  If  A,  B  are  opposite  corners  of  a  cube ;  and  the  mid  points  of  the  six 
edges  not  through  A,  B  are  joined  successively ;  then  these  joins  form  a  regular 
hexagon. 

;    ii.  In  any  tetrahedron  the  plane  bisecting  a  dihedral  angle  cuts  the  opposite 
edge  into  segments  proportional  to  the  areas  of  the  adjacent  faces. 
NOTE — Project  the  fig'  on  a  pi'  -L  to  the  edge  of  the  dihed'  A- 

12.  Every  plane,  through  the  mid  points  of  a  pair  of  opposite  edges  of  any 
tetrahedron,  divides  it  into  parts  whose  volumes  are  equal.  (Bobillier's  Theorem?) 

NOTE — Each  piece  is  composed  of  a  pyr1  and  a  tet':  the  pyr's  have  pV  of 
section  as  a  common  base  j  and  their  alt's  are  equal :  the  tet's  are  in  ratio  com- 
poitnded  of  their  bases  and  alt's  ;  or  of  the  seg'ts  of  the  imbisected  sides :  then 
consider  the  4  corners  of  tet'  as  those  of  a  gauche  qiiad'  cut  by  pi'  of  section. 

13.  In  a  frustrum  of  a  tetrahedron — 

i°,  the  joins  of  the  corners  of  one  base,  to  the  respective  opposite  mid  points 
of  the  other  base,  are  concurrent. 

2°,  the  joins  of  the  mid  points  of  the  lateral  edges  to  the  intersections  of  the 
diagonals  of  the  opposite  faces  are  concurrent. 

14.  If  <|>  denote  a  dihedral  angle  of  a  regular  solid,  prove  that  the  following 
constructions  will  give  <}>. 

(1)  for  the  tetrahedron:  describe  a  right-angled  triangle  ABC,  in  which 
AB  is  the  hypotenuse,  and  AC  is  one-third  of  AB ;  then  BAG  is  <j>. 

(2)  for  the  cube,  <j>  is  a  right  angle. 

(3)  for  the  octahedron :  describe  a  right-angled  triangle  ABC,  in  which 
the  sides  AC,  CB,  containing  the  right  angle,  are  respectively  the  side  and 
diagonal  of  a  square ;  then  twice  BAG  is  <|>. 

(4)  for  the  dodecahedron :  describe  a  right-angled  triangle  ABC,  in  which 
the  sides  AC,  CB,  containing  the  right  angle  are  to  each  other  as  the  segments 
of  a  line  divided  in  extreme  and  mean  ratio,  AC  being  the  lesser ;  then  twice 
BAG  is  <{>. 

(5)  for  the  icosahedron  :    describe  a  right-angled  triangle  in  ABC,  in 
which  the  sides  AC,  CB,  containing  the  right  angle  are  to  each  other  in  the 
duplicate  of  the  ratio  of  the  segments  of  a  line  divided  in  extreme  and  mean 
ratio,  AC  being  the  lesser ;  then  twice  BAG  is  4>. 
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15-  Given  the  edge  of  a  regular  solid,  the  following  construction  will  give 
the  radii  of  its  in-  and  circum-  spheres.  Let  ABC  be  a  line  such  that  AB,  AC 
are  the  radii  of  the  in-  and  circum-  circles  of  a  face;  make  the  angle  ABD 
equal  to  half  the  dihedral  angle  of  the  solid,  so  that  D  is  a  point  in  the 
perpendicular  to  AB  at  A :  then  DA  is  the  radius  of  the  in-  sphere  and  DA  of 
the  circum-  sphere. 

1 6.  The  volume  of  a  regular  solid  is  one-third  that  of  a  prism  whose  altitude 
is  the  radius  of  the  in-sphere,  and  base  equal  to  the  whole  surface  of  the  solid. 

1 7.  Deduce  from  Eulers  Theorem  (p.  34)  that — 

(1)  EH:  |F,  and     E}>3(F-2). 

(2)  C  <}:  \  F  +  2,     and     C  ^>  2  (F  -  2). 

(3)  f3  +  s3  H:  s. 

(4)  f3,  f4,  f5  cannot  be  simultaneously  zero ;  nor  can     S3,  S4,  Ss. 

(5)  the  sum  of  the  plane  As  =  (C  —  2)  x  360°. 

1 8.  The  sum  of  the  dihedral  angles  of  a  polyhedron,  of  n  faces,  lies  between 
2  n  and  2  (n  —  2)  dihedral  right  angles. 

19.  By  means  of  the  following  construction*  show  that  the  subsequent  pro- 
perties of  tetrahedra  follow  at  once. 


Let  A  BCD  be  a  tet'.  Thro'  each  pair  of  its  oppos'  edges  draw  \\  pi's  :  this 
will  enclose  the  tet'  in  a  p8*1,  the  diag's  of  whose  oppos'  faces  are  oppos'  edges 
of  tet'. 

Let  corners  of  this  solid,  oppos'  A,  B,  C,  D,  be  a,  0,  y,  8  respectively. 

*  TORRY — Messenger  of  Mathematics,  vol.  i,  p.  156. 
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Then— 

i°,  joins  of  mid  pt's  of  oppos'  edges  of  tet'  go  thro'  cent'  of  ||Pe1,  and  are  || 
and  equal  to  its  edges  : 

2°,  if  these  joins  are  -L  to  each  other,  the  |ped  is  rectang'r ;  and  then  the 
oppos'  edges  of  the  tet'  are  equal,  and  the  faces  of  the  tet'  are  identically  equal : 
3°,  if  oppos'  edges  of  tet'  are  -L,  faces  of  |ped  are  rhombic  : 
4°,  if  2  pairs  of  oppos'  edges  of  tet'  are  J_,  the  3rd  pair  will  also  be  J. ;  for 
if  2  pairs  of  oppos'  faces  of  ||Ped  are  rhombic,  so  also  is  the  3rd  pair : 

5°,  vol's  of  pieces  cut  off  from  ||Ped  by  faces  of  tet'  are  each  J  vol'  |ped  ; 
for  DABy  =  |  DAS  By  =  £  vol'  ped ; 

and  sim'ly  for  others  ; 
so  that  vol'  tet'  =  £  vol'  |ped : 

6°,  mean  centre  of  tet'  coincides  with  mean  centre  of  |ped  (cf.  p.  73). 
7°,  sum  of  sq's  on  edges  of  tet'  =  4  sum  of  sq's  on  joins  of  mid  pt's  of  oppos' 
edges : 

8°,  the  4  pi's  each  of  which  contains  one  edge,  and  bisects  the  oppos'  edge  of 
tet',  have  one  common  p't : 

9°,  every  section  of  a  tet',  by  a  pi'  ||  to  a  pair  of  oppos'  edges,  is  a  O : 
10°,  in  a  reg'r  tet'  the  joins  of  the  mid  p'ts  of  adjacent  sides  form  a  sq' : 
11°,  in  a  reg'r  tet'  the  mm'  dist'  between  2  oppos'  edges  =  i  diag'  of  the  sq' 
on  an  edge  : 

12°,  in  a  reg'r  tet'  the  3  mm'  dist's  and  the  4  alt's  are  all  concurrent. 
Def —  A  tetrahedron  is  said  to  be  orthogonal  when  each  pair  of  its  opposite 
edges  is  at  right  angles.     By  4°,  above,  it  will  be  sufficient  to  constitute  a  tetra- 
hedron orthogonal  that  two  pairs  of  opposite  edges  are  at  right  angles. 
20.  The  following  are  properties  of  an  orthogonal  tetrahedron — 
NOTE. — Some  terms,  not  yet  defined,  are  used  in  the  following  group :  their 
meanings  will  be  foimd  by  referring  to  the  Index, 

(1)  The  four  spheres,  each  circumscribing  one  face,  and  having  its  centre  at 
a  distance  from  that  face  equal  to  half  the  distance  of  the  fourth  vertex  from  it, 
are  equal. 

(2)  The  sum  of  the  squares  on  any  two  opposite  edges  is  equal  to  the 
square  on  the  diameter  of  either  of  these  spheres. 

(3)  The  corners  of  any  face  and  the  orthocentre  of  the  opposite  face  are 
co-spheric ;  and  the  four  such  spheres  are  equal. 

(4)  The  N.P.  circles  of  the  four  faces  are  co-spheric. 

(5)  The  radius  of  the  last  sphere  is  half  that  of  either  of  the  spheres  in 
(i)  and  (3). 

(6)  An  orthogonal  tetrahedron  (but  no  other)  has  an  orthocentre. 
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The  six  mid  points  of  the  edges  are  on  a  sphere  whose  centre  is  the 
mean  centre  of  the  tetrahedron. 

i 'he  orthocentre,  mean  centre,  and  circum-centre  are  collinear. 

(9)  The  six  points  where  the  minimum  distances  between  opposite  edges 
meet  those  edges,  are  co-spheric  with  the  six  points  in  ^7  . 

(10)  The  sphere  through  the  centroids  of  the  four  faces,  go  through  the 
orthocentres  of  those  faces,  and  through  the  points  of  trisection  nearest  O  (the 
orthocentre  of  the  tetrahedron)  of  the  joins  of  O  to  the  four  comers. 

NOTE. —  This  sphere,  by  analogy  with  the  N.P.  O  of  a  A,  may  be  properly 
called  the  twelve-point-sphere  of  the  tetrahedron. 

(u)  The  radius  of  the  twelve-point-sphere  is  one-third  that  of  the  circum- 
sphere ;  its  centre  is  on  the  line  defined  by  (8) ;  and  the  mean  centre  and  ortho- 
centre  of  the  tetrahedron  are  the  internal  and  external  centres  of  similitude  of 
the  twelve-point-  and  circum-  spheres. 

(12)  The   orthocentre  of  the  tetrahedron  is  the  orthocentre  of  the  four 
triangles  in  which  the  tetrahedron  is  cut  by  planes  through  the  edges  perpen- 
dicular to  the  opposite  edges. 

(13)  When  the  orthocentre  of  the  tetrahedron  is  outside  the  circum-sphere, 
there  is  a  sphere  with  respect  to  which  the  tetrahedron  is  self-conjugate. 

(14)  The  radius  p  of  this  last  sphere  is  given  by 

3P2  =  SO2-  R2, 
where  S  is  circum-centre,  R  radius  circum-sphere. 

(15)  The  radius  p'  of  sphere  in  (7)  is  given  by 

3p"=  R2_  iS02. 

(16)  Spheres  in  (7)  and  (13)  cut  orthogonally. 

(17)  Twelve-point-sphere,  circum-sphere,  and  spheres  in  (7)  and  (13)  have 
a  common  radical  plane. 

(18)  The  N.P.  circle  of  any  face,  and  the  ortho-centres  of  the  three  re- 
maining faces  are  co-spheric  ;  and  the  sphere  on  which  they  lie  bisects  the  joins 
of  the  ortho-centre  of  the  tetrahedron  to  the  corners  of  the  first  face;  also  the 
four  such  spheres  are  equal,  and  equal  to  the  sphere  through  the  mid  points  of 
the  edges.* 


*  Of  this  group  the  first  six  were  given  by  Mr.  T.  C.  LEWIS  in  the  Messenger 
of  Mathematics,  vol'  XI,  p.  36  ;  and  the  rest  by  Mr.  E.  TEMPERLEY  on  p.  114 
of  the  same  vol'. 
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PBOBLEMS. 

1.  Find  the  point  within  a  tetrahedron  for  which  the  sum  of  the  squares  on 
its  joins  to  the  four  corners  is  minimum.     Show  also  that,  for  the  same  point, 
the  product  of  perpendiculars  from  it  on  the  four  faces  is  maximum. 

2.  Through  a  point  inside  a  trihedral  angle  draw  a  plane  so  that  the  point 
shall  be  the  mean  centre  of  the  intercepted  triangle.     (Cf.  p.  71.) 

3.  Find  the  Locus  of  a  point  such  that  the  sum  of  the  pyramids  subtended  at 
it  by  two  triangles  (not  co-planar)  is  constant. 

4.  Given  the  total  area  of  the  bounding  surface  of  a  rectangular  parallele- 
piped, find  when  its  volume  is  maximum. 

5.  Cut  a  cube  so  that  the  section  may  be  a  regular  hexagon. 

6.  Cut  a  tetrahedron,  by  a  plane  parallel  to  a  pair  of  opposite  edges  so  that 
the  section  may  be  maximum. 

NOTE — The  pi'  must  be  drawn  thro'  the  mid  p'ts  of  the  other  edges. 

7.  Cut  a  regular  tetrahedron,  by  a  plane,  so  that  the  section  may  be  a 
square. 

8.  Find  the  point  within  a  tetrahedron  such  that  if  it  is  joined  to  the  four 
corners  the  tetrahedron  is  divided  into  four  tetrahedra  of  equal  volume. 

9.  Bisect  a  pyramid,  whose  base  is  a  parallelogram,  by  a  plane  through  one 
of  the  sides  of  the  base. 

NOTE — Draw  the  pi'  thro'  the  p'ts  in  which  the  edges  not  conterminous  with 
the  side  of  the  base,  are  divided  in  extreme  and  mean  ratio. 

10.  Given  the  edges  of  a  tetrahedron,  construct  a  line  equal  to  one  of  its 
altitudes. 

NOTE— IfV  is  vertex,  ABC  base  ;  imagine  each  effaces  VAB,  VBC,  VGA 
turned  round  its  edge  of  the  base,  until  in  pi'  of  base,  V  taking  positions  V,, 
V2,  V3:  then  _L8  from  V:,  V2,  V3,  on  AB,  BC,  CA  are  concurrent  in  foot  of 
alt' ;  and  AV3  =  AV :  construction  now  evident. 

u.  Cut  a  cube  so  as  to  give  a  regular  tetrahedron. 
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THE  CYLINDER. 

Def — If  a  rectangle  revolves  round  one  of  its  sides  as  a  hinge,  until  it 
returns  to  its  original  position,  the  solid  generated  is  called  a  cylinder  of 
revolution,  or  a  right  circular  cylinder ;  the  side  about  which  it  revolves 
is  called  the  axis  of  the  cylinder;  either  of  the  revolving  sides  is  called  a 
radius  of  the  cylinder;  and  the  circles  generated  by  these  radii  are  called  the 
ends,  or  bases,  of  the  cylinder. 

Note — Cylindrical  surfaces  in  general  are  generated  by  a  straight  line  moving 
parallel  to  a  fixed  direction,  and  so  as  always  to  pass  through  a  fixed  curve. 
In  what  follows,  by  cylinder  we  mean  always  cylinder  of  revolution,  unless  the 
contrary  is  stated. 

THEOREM  (i) — The  curved  surface  of  a  cylinder  (axis  a,  and  radius  p)  is 
2  IT  p  a  ;  and  its  volume  is  -rr  p2  a. 


Let  PQ  be  a  side  of  the  reg'r  pol'  inscribed  in 
one  of  the  ends  of  the  cyl'. 

Let  a  pi'  thro'  PQ,  ||  to  a,  meet  the  other  end  in 
pq  ;  and  let  sim'r  pi's  be  drawn  thro'  each  side  of 
the  pol',  thus  forming  a  reg'r  inscribed  polygonal 
prism  of  which  PpqQ  is  a  lateral  face. 


Then  the  cyl'  is  the  Limit  of  this  prism,  when  the  number  of  sides  of  the 
pol'  is  increased  indefinitely. 


SOLIDS     OP    REVOLUTION. 


Now  lat'  surf  of  prism  =  a  .  perim'  pol' ; 

and  vol'  of  prism  —  a  .  area  pol'. 
passing  to  the  Limit,  we  get 

curved  surf  of  cyl'  =  2  IT  p  a  ; 
and  vol'  of  cyl'  =  ir  p2  a. 


Cor'  —  Total  surf  of  cyl'  =  2  IT  p  a  +  2  IT  p2  =  2  IT  p  (p  +  a). 

THE  CONE. 

Def  —  If  a  right-angled  triangle  revolves  round  one  of  its  sides,  containing 
the  right  angle,  as  a  hinge,  until  it  returns  to  its  original  position,  the  solid 
generated  is  called  a  cone  of  revolution,  or  a  right  circular  cone  ;  the 
fixed  side  is  called  the  axis  of  the  cone,  the  revolving  side  is  called  the  radius 
of  the  cone  ;  the  end  of  the  axis,  not  at  the  right  angle,  is  called  the  vertex  of 
the  cone  ;  the  hypotenuse  of  the  triangle  in  any  position  is  called  a  slant  side 
of  the  cone  ;  and  the  circle  generated  by  the  remaining  side  is  called  the  base  of 
the  cone. 

Note  —  Conical  surfaces  in  general  are  generated  by  a  straight  line  which 
revolves  so  as  always  to  go  through  a  fixed  point  and  a  fixed  curve.  In  what 
follows,  by  cone  we  mean  always  cone  of  revolution,  unless  the  contrary  is 
stated. 


THEOREM  (2)—  The  curved  surface  of  a  cone  (axis  a,  slant  side  <r,  and 
raditis  p),  is  irpo-;   and  its  volume  is 


Let  PQ  be  a  side  of  a  reg'r  pol' 
inscribed  in  the  base  of  the  cone. 

Join  the  vertex  V  to  P  and  Q ; 
and  let  the  same  construction  be 
continued  round  the  cone,  thus 
forming  a  reg'r  inscribed  polygonal 
pyr'  of  which  the  pol'  is  base,  and 
VPQ  one  of  the  lat'  faces. 


Then  the  cone  is  the  Limit  of  this  pyr'  when  the  number  of  sides  of  the  pol' 
is  indefinitely  increased. 


66 


GEOMETRY    IN     SPACE. 


Now     lat'  surf  of  pyr'  =  5  (A  VPQ)  =  ^<r  .  perim'  pol'; 

and  vol'  of  pyr'  =  ^  a  .  area  pol'. 
passing  to  the  Limit,  we  get 

curved  surf  of  cone  =  ^  o"  .  2  IT  p  =  irpcr; 
and  vol'  of  cone  =  ^  IT  p2  a. 


Cor1  (i) — Total  surf  of  cone  =  irp<r  +  irp2  =  irp(p  +  <r). 
Cor1  (2)— <r2  =  p2  +  a2. 


Def — The  part  of  a  cone  intercepted  between  two  planes,  parallel  to  its 
base,  is  called  a  frustrum  of  the  cone,  or  a  truncated  cone.  It  may  be 
considered  as  generated  by  the  revolution  of  a  symmetrical  trapezium  about 
the  perpendicular  to  its  parallel  sides  at  their  mid  points. 

THEOREM  (3) — The  area  of  the  curvilinear  surface  of  a  frustrum  of  a  cone 
(a  being  one  of  the  non-parallel  sides  of  its  generating  trapezium,  and  r  the 
radius  of  the  circle  mid-way  between  the  ends  of  the  frustrum}  is  2  irrs. 


Let  ABba  be  a  trapez';  M, 
m  the  mid  p'ts  of  AB,  ab  ;  so 
that  the  frustrum  is  generated  by 
the  revolution  of  AB  ba  about 
Mm. 

Let  PQ  be  a  side  of  a  reg'r 
pol'  inscribed  in  the  O  gene- 
rated by  AB;  pq  the  corre- 
sponding side  of  a  sim'r  and 
sim'ly  placed  pol'  in  O  gene- 
rated by  ab;  so  that  PQqp 
is  a  symmetrical  trapez'. 


Then     area  PQqp  =  -J-  (PQ  +  pq)  .  dist'  between  PQ,  pq. 
And  the  curvilinear  surf  is  the  Limit  of  the  sum  of  such  areas, 

i.e.  =  A2a  Lf  2  (PQ  +  pq). 
,,     ultimately,  area  curved  surf  =  ^  Aa  (2irMA  +  2irma) 


airrs. 
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THEOREM  (4)— 7/"h  is  the  altitude  of  a  frustrum  of  a  cone  ;  R,  r  the  radii 
of  its  ends  ;  then  its  volume  is  —  (R2  +  r2  -f  Rr). 

For  the  frust'  of  the  cone  is  the  Limit  of  the  regular  inscribed  frust'  of  a  py/. 
But  vol'  frust'  pyr'  =  sum  of  vol's  of  three  pyr's  of  alt'  h  and  whose  bases  are 
the  ends,  and  a  mean  prop'l  between  the  ends. 

Now  these  bases,  in  the  case  of  the  cone,  are  respectively  -irR2,  irr2,  and 
irRr. 

Whence  the  Theorem  follows. 


THE  SPHERE. 

Def — If  a  semi-circle  revolves  about  its  diameter  as  a  hinge,  until  it  returns 
to  its  original  position,  the  solid  generated  is  called  a  sphere ;  and  the  centre 
and  radius  of  the  semi-circle  are  called  the  centre  and  radius  of  the  sphere. 

Note — By  the  nature  of  its  definition  every  point  on  the  surface  of  a  sphere  is 
equidistant  from  its  centre. 

Def — A  frustrum  of  a  sphere  is  the  part  of  a  sphere  which  is  intercepted 
between  two  parallel  planes ;  and  the  circles  of  section  of  the  planes  are  called 
the  bases  of  the  frustrum. 


THEOREM  (5)  —  The  surface  of  a  sphere  (radius  r)  is  4-irr2. 


Let  C  be  the  centre,  ACB  the 
diam'  of  the  semi-O  which  by  turning 
round  AB  generates  the  sphere. 

Let  PQ  be  one  of  a  number  of 
consecutive  equal  ch'ds  placed  round 

the  arc  AB- 


Draw  CM  _L  to,  and  .'.  bisecting  PQ. 
Let  pmq  be  the  projec'  of  PMQ  on  ACB. 

Then  PQ,  by  its  revolution  round  AB,  generates  a  frustrum  of  a  cone;  and 
the  curved  surf  of  this  frust'  is  2  ir  Mm  .  PQ. 

But  PQ  :  pq  =  CM  :  Mm. 
.-.     Mm  .  PQ  =  CM  .  pq. 
.-.     curved  surf  of  frust'  =  2  ir  CM  .  pq. 
F   2 
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Summing  for  all  frustra,  we  have,  since  CM  is  same  for  all, 

5  (curved  surf  of  frust')  =  2  IT  CM  .  2  (pq)  =  2ir  CM  .  2r. 
Now  the  surf  of  the  sphere  is  the  Limit  of  all  such  surfs,  when  the  ch'ds  are 
indefinitely  increased  in  number. 
But  then  CM  becomes  r. 

/.  surf  of  sphere  =  4irr2. 


Cor1  (i )— Since  4irr2  =  f  (2irr2  +  4irr2). 

/.     surf  of  sphere  =  -I  total  surf  of  its  circumscribing  cyl'. 

Cot1  (2) — The  curved  surf  of  a  frustrum  (called  a  zone)  of  a  sphere 
=  its  thickness  x  circumf  of  generating  O  of  sphere. 


Note  (i) — There  is  an  essential  difference  between  the  curved  surfaces  of 
cylinders  and  cones,  and  those  of  spheres :  the  two  former  admit  of  plane  flexible 
surfaces  being  rolled  round  them  so  as  to  coincide  with  them  exactly,  without 
creasing  or  folding ;  the  latter  do  not.  Otherwise :  if  the  two  former  are 
imagined  to  be  flexible,  they  can  be  flattened  out  into  planes ;  but  the  latter 
cannot.  Surfaces  which  may  be  conceived  of  as  bent  plates  are  called  develop- 
able surfaces. 

Note  (2) — From  the  preceding  characteristic  property  of  developable  sur- 
faces the  expressions  [given  in  Theorems  (i)  and  (2)]  for  the  curved  surfaces  of 
cylinders  and  cones  can  be  at  once  deduced  :  thus — 

i°,  let  the  curved  surf  of  a  cyl'  be  cut  along  a  position  of  its  generating 
line  ;  then,  as  in  all  positions  the  generating  line  remains  ||  and  equal  to  itself, 
if  the  cut  surf  is  flattened  out,  it  will  become  a  rect'  (not  crumpled) 

whose  breadth  =  length  of  generating  line  =  o, 
and  whose  length  =  circumf  of  base  =  2irp. 
.*.     area  of  curved  surf  of  cyl'  =  2irpa. 

2°,  let  the  curved  surf  of  a  cone  be  cut  along  a  position  of  its  generating 
line ;  then,  as  in  all  positions  the  generating  line  goes  thro'  a  fixed  p't  and  is  of 
same  length,  if  the  cut  surf  is  flattened  out,  it  will  become  a  sector  of  a  O 
(not  crumpled) 

whose  arc  —  circumf  of  base  of  cone  =  2irp, 
and  whose  rad'  =  slant  side  of  cone  =  <r. 

.-.     area  of  curved  surf  of  cone  =  irpo-. 
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THEOREM  (6)  —  The  volume  of  a  sphere  (radius  r)  is  |irr3. 


B 


Let  ABC  be  a  quadrant  of  a  O,  C 
being  the  centre  of  the  complete  O. 

Let  the  tang's  at  A,  B  meet  in  T,  form- 
ing the  sq'  CATB  ;  and  join  CT. 


Thro'  any  p't  P  in  CB  draw  a  ||  to  CA,  cutting  CT,  arc  AB,  and  AT,  in 
X,  Y,  Z  respectively ;  and  suppose  a  ||  drawn  very  near  this  last  |[. 

Now  if  the  whole  fig'  is  made  to  revolve  about  CB  as  a  hinge,  until  it  re- 
turns to  its  original  position,  AYB  will  generate  a  hemi-sphere,  AT  a  cyl',  and 
CT  a  cone ;  and  the  ||s  PXYZ  will  give  a  thin  slice  of  the  entire  fig'.   Join  CY. 
Then    PZ2  =  CA2  =  CY2  =  PY2  +  PC2  =  PY2  +  PX2. 

.-.     <ir.PZ2=  IT.  PY2+  IT.  PX2. 
/.     2  (IT  .  PZ2)  =  2  (IT  .  PY2)  +  2  O  .  PX2). 

Whence,  diminishing  the  thickness,  and  increasing  the  number  of  the  slices 
indefinitely,  we  get  in  the  Limit, 

vol'  cyl'  =  vol'  -^  sphere  +  vol'  cone. 
But  vol'  cone  =  -|  vol'  cyl'. 
/.     vol'  \  sphere  =  -|  vol'  cyl'. 
.*.    vol'  sphere  =  -|  vol'  of  its  circumscribing  cyl' 
=       x  irr2  x  2r 


—  The  volume  of  a  sphere  can  be  deduced  from  the  area  of  its  surface. 
Imagine  the  surface  of  the  sphere  covered  with  a  net-work  of  small  areas  : 
then  the  sphere  may  be  considered  as  composed  of  the  sum  of  all  the  pyramidal 
solids,  whose  common  vertex  is  at  the  centre,  and  whose  bases  are  these  areas. 

And  each  pyramidal  solid  tends  to   become  a   true  pyramid   as  its  base 
is  taken  smaller  :  i.  e.  tends  to  become  one-  third  of  its  base  into  its  altitude. 
Now  alt'  of  each  small  solid  =  r, 

/.    vol'  sphere  =  —  D  2  (small  areas) 


—  .  surf  of  sphere 
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THEOREM  (7) — If  in  the  plane  of  a  triangle  a  line  is  drawn  through  one  of 
its  corners  (considered  as  vertex}  and  if  the  plane  revolves  round  this  line,  as  a 
hinge,  until  it  returns  to  its  original  position  ;  then  the  volume  generated  by 
the  triangle  is  equal  to  one-third  of  a  cylinder  whose  base  is  the  area  generated  l>y 
the  base  of  the  triangle,  and  whose  altitude  is  the  altitude  of  the  trian 

Let  VAB  be  the  A,  V  being  the  vertex  thro'  which  the  axis  of  revolution 
XY  passes;  VN  the  alt'. 


M 


M 


i°,  let  A  lie  in  XY.     Draw  the  -L  BM  on  VA :  then  BM  may  fall  within 
the  A,  fig'  (i),  or  without  it,  fig'  (2). 
Now  vol'  generated  by  A  VAB 

=  sum,  or  diff',  Df  vol's  due  to  As  VMB,  AMB, 

=  -BM2(VM  ±  AM) 
3 

=  -  BM2 .  VA 

=  -£  VN  .  IT  BM  .  AB,  since   BM  .  VA  =  VN  .  AB 

=  ^  VN  .  lat'  surf  of  cone  generated  by  AB. 


A          V  C          Y 

2°,  let  BA  meet  XY  in  C. 
Then  vol'  generated  by  A  VAB 

=  vol'  due  to  A  VCB  -  vol'  due  to  A  VGA, 

=  £  VN  (area  due  to  BC  -  area  due  to  AC) 

«  j  VN  .  area  due  to  AB, 

=  ?.  VN  .  lat'  surf  of  frust'  of  cone  generated  by  AB. 


SOLIDS     OP    REVOLUTION. 


B N 


N 


B 


IVI 


M 


3°,  let  AB  be  ||  to  XY. 

Draw  AL,  BM  -L*  to  XY. 
Then,  when  the  fig'  turns  round  XY, 

vol'  cone  due  to  ABMV  -  i  vol'  cyl'  due  to  MN. 
vol'  cone  due  to  AALV  =  ^  vol'  cyl'  due  to  LN. 
.'.     vol'  due  to  AVAB  =  |  vol/  due  to  ABML. 
=  f  irVN2.  AB. 
=  |  VN.2irVN.  AB. 
-  i  VN  .  lat' surf  of  cyl' generated  by  AVAB 

/.  ,  in  all  three  cases,  vol'  generated  by  AVAB  =  -|  cyl'  whose  alt'  is  VN 
and  base  the  surf  generated  by  AB. 


THEOREM  (8) — If  a  sector  of  a  circle  turns  round  (as  a  hinge]  a  diameter, 
which  does  not  cut  it ;  then,  when  it  has  returned  to  its  original  position,  the 
volume  generated  is  equal  to  one-third  of  a  cylinder  whose  base  is  the  surface 
generated  by  the  arc  of  the  sector,  and  whose  altitude  is  the  radius  of  the  circle. 

For  if  we  suppose  equal  ch'ds  placed  round  the  arc  of  the  sector,  and  the 
ends  of  these  ch'ds  joined  to  the  centre,  we  have  a  number  of  equal  As  whose 
vertices  are  at  the  centre. 

Now  vol'  generated  by  each  A  =  -i  a  cyl'  whose  base  is  the  surf  generated  by 
its  ch'd,  and  alt'  is  alt'  of  A. 

Whence,  taking  the  sum  of  all  these,  and  passing  to  the  Limit  when  the 
number  of  As  is  indefinitely  increased,  we  get  the  Theorem. 

THEOREM  (9) — If  a  segment  of  a  circle  turns  round  (as  a  hinge}  a  diameter, 
which  does  not  cut  it;  then,  when  it  has  returned  to  its  original  position,  the 
volume  generated  is  equal  to  one-sixth  of  a  cylinder  whose  radius  is  the  chord  of 
the  segment,  and  altitude  the  projection  of  this  chord  on  the  axis  of  revolution. 
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Taking  the  fig'  of  Theorem  (5)  (p.  67)  let  PQ  be  the  seg't,  AB  the  diam' 
round  which  it  turns. 

Then  (CP,  CQ  being  joined)  vol'  generated  by  seg't  PQ 
=  vol'  by  sector  CPQ-vol'  by  ACPQ 

=  ^  r  .  surf  gen'd  by  arc  PQ-  J  CM  .  surf  gen'd  by  ch'd  PQ 
=      r.  2irpq  .r—     CM  .  2-irpq.CM 


—  one-sixth  cyl'  whose  rad'  is  PQ,  and  alt'  pq. 


THEOREM  (10) — The  volume  of  afrustrum  of  a  sphere  is  equal  to  a  cylinder, 
whose  base  is  half  the  sum  of  the  bases  of  the  segment,  and  altitude  the  thickness 
of  the  segment,  together  with  a  sphere  whose  diameter  is  the  thickness  of  the 
segment. 

For,  taking  the  fig'  of  Theorem  (5)  p.  67, 
Vol'  of  frustrum  generated  by  PpqQ 

=  vol'  gen'd  by  seg't  PQ  +  vol'  gen'd  by  trapez'  PMQqp. 

=  J  IT  .  PQ2 .  pq  +  ^  IT  .  pq  (Pp2  +  Qq2  +  Pp  .  Qq) 

=  J  IT  •  PQ.  (2  Pp2  +  2  Qq2  +  2  Pp  .  Qq  +  PQ2) 

=  i  w  .  pq  {3  (Pp2  +  Qq2)  +  pq2},  since  PQa  -  pq2  +  (Qq  -  Pp)2 

=  J  (ir .  Pp2  +  IT  .  Qq2)  pq  +  £ir .  pq3 

=  a  cyl'  whose  base  is  J  the  sum  of  those  gen'd  by  Pp  and  Qq,  and  whose 
alt'  is  pq,  +  a  sphere  whose  diam'  is  pq. 


THEOREM  (n)— If  a  sphere  is  inscribed  in  a  cone;  then,  V,  S  being  the 
volume  and  surface  of  the  cone,  and  V,  S'  of  the  sphere — 

V  :  V  =  S  :  S'. 
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Let  AON  be  alt'  of  cone,  O  being 
centre  of  sphere. 

Take  a  section  by  a  pi'  thro'  AN  : 
this  will  give  a  A  ABC,  and  its  in-O, 
centre  O ;  and  N  will  be  p't  of  cont'  of 
BC  with  in-Q. 

Let  R  be  rad'  of  base  of  cone,  h  its 
alt',  <r  its  slant  side ;  and  let  r  be  rad'  of 
sphere. 


A 

Then,  since  BO  bisects  ABN, 

BN  :  AB  =  NO  :  OA. 

/.  R  :  o-  =  r  :  h  -  r, 
whence  Rh  =  r  (R  +  <r). 
NowV:V'=  i<irR2 

O  O 

and     /.,     from  above,  =irRr(R  +  <r)  :  4irr3 
=  irR  (R  +  cr)  :  4irr2 
=  S  :  S'. 


EXTENSION  OF  THE  TERM  MEAN  CENTRE. 

Since  the  mid  point  of  a  finite  straight  line  is  the  mean  centre  (for  equal 
multiples)  of  all  pairs  of  points  in  the  line,  which  are  equidistant  from  that 
mid  point,  it  is  a  natural  extension  of  that  term  to  define  the  mid  point  of  a 
finite  line  as  its  mean  centre.  Again  the  mean  centre  of  two  finite  lines  is  the 
mean  centre  of  their  mid  points  for  multiples  respectively  proportional  to  their 
lengths.  So  also  as  the  mean  centres  of  all  lines  terminated  by  two  sides  of  a 
triangle  and  parallel  to  a  third  lie  in  the  median  bisecting  this  third  side  ;  and 
similarly  for  lines  parallel  to  another  side  ;  the  mean  centre  of  the  area  of  a 
triangle  is  naturally  defined  to  be  its  centroid. 

Hence  the  mean  centre  of  a  polygon  is  the  mean  centre  of  the  mean  centres  of 
the  triangles  into  which  it  may  be  divided,  for  multiples  respectively  propor- 
tional to  the  areas  of  those  triangles. 

It  follows  from  the  preceding  (by  E  •  R  •  pp.  112,  113)  that" the  mean  centre 
of  the  area  a  triangle  is  the  same  as  the  mean  centre  of  its  three  corners,  for 
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equal  multiples ;  and  that  the  mean  centre  of  the  perimeter  of  a  triangle  is  the 
in-centre  of  the  triangle  formed  by  joining  the  mid  points  of  its  sides. 

As  an  example :  let  A  BCD  be  a  trapezium  ;  G,,  G2  the  mean  centres  of  the 
areas  ABC,  CDA ;  G  the  mean  centre  of  the  whole  trapez'. 


D 


Then  Gl  is  mean  centre  of  p'ts  A,  B,  C  for  equal  mult's  ; 
and  G2      „  „  „    C,  D,  A      „ 

Take  a  as  the  mult'  for  first  set  of  p'ts. 

b         „         ,,        second        „ 
where  AB  =  a  units  of  length,  and  CD  =  b  units  of  length. 

Let  M!,  M2  be  the  respective  mid  p'ts  of  AB,  CD. 

Then  G  is  the  mean  centre  of  the  four  p'ts  A,  B,  C,  D  for  the  respective 
mult's  a  +  b,  a,  a  +  b,  b  ; 

or  of  the  two  p'ts  M,,  M2  for  mult's  2  a  +  b,  a  +  2b. 
.-.    GM,  :  GM2  =  a  +  2b  :  2  a  +  b, 

=  M,X  :  M2Y; 

where  X,  in  the  production  of  AB,  and  Y  in  the  production  of  CD,  are  such 
that 

BX  =  CD,  and  DY  =  AB. 

.'.     G  is  the  intersection  of  the  known  lines  Mt  M2  and  XY. 


The  foregoing  process  may  be  extended  to  solids,  and  will  give  us  that  the 
mean  centre  of  a  tetrahedron  is  the  same  as  that  of  its  four  corners  for  equal 
multiples;  and  is  geometrically  constructed  by  joining  two  corners  to  the  cen- 
troids  of  the  opposite  faces.  The  mean  centre  of  a  polyhedron  is  that  of  the 
mean  centres  of  the  tetrahedrons  into  which  it  can  be  divided,  for  multiples 
respectively  proportional  to  the  volumes  of  these  tetrahedrons. 


SOLIDS    OP    REVOLUTION. 


75 


Finally,  it  will  now  be  clear  that  the  mean  centres  of  a  sphere,  cylinder,  and 
cone,  are  respectively  the  centre,  mid  point  of  axis,  and  point  on  axis  three- 
fourths  of  its  length  from  the  vertex. 

Note — In  every  case  the  geometrical  mean  centre  has  the  same  position  as 
the  centre  of  mass  of  the  corresponding  physical  body.  Now,  as  the  positions 
of  centres  of  mass  is,  in  Dynamics,  of  the  first  importance,  it  follows  that  the 
geometrical  theory  of  mean  centres  is  also  of  great  importance  in  relation  to 
the  geometry  of  Dynamics. 


Def — A  part  of  a  polygon  is  called  a  broken  line. 


THEOREM  (12) — (Gttldin 's  or  Pappus1} — If  a  broken  line  and  a  fixed  straight 
line,  which  it  does  not  meet,  are  co-planar  ;  and  if  their  plane  turns  round  the 
fixed  line  as  a  hinge,  until  it  returns  to  its  original  position,  the  surface 
generated  by  the  broken  line  is  equal  to  the  rectangle  ^^nder  two  lines,  one  of 
"which  is  the  length  of  the  broken  fine  and  the  other  the  length  of  the  path  of  its 
mean  centre. 


M 


Let  ABCD  &c.  be  a  broken  line,  and  XY  a  line  co- planar  with  it,  and  round 
which  it  turns. 

Let  M,,  M2,  &c.  be  the  mid  p'ts  of  AB,  BC,  &c. ;  and  m^  m*  &c.  their 
respective  projections  on  XY. 

Then  the  area  generated  by  a  complete  revolution  of  the  broken  line 
=  2ir  (AB.  Mjinj  +  BC.  M2m2  +  &c.) 
=  2  IT  2  (a.  a),  where  AB  =  a,  MI  Hi!  =  a. 
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But,  if  M  is  the  mean  centre  of  the  broken  line, 
Mm - 


2  (a)        ABCD&c.  ' 
and  2tr  Mm  =  path  of  mean  centre. 
surf' generated  =  ABCD  &c.  path  of  mean  centre. 

i.e.  =  rect'  under  the  line  equal  to  ABCD  &c. 
and  the  line  equal  to  the  path  of  the  mean  centre. 


THEOREM  (13) — (Guldin's  or  Pappus'} — If  the  plane  containing  a  polygon 
turns  round  any  fixed  line  in  itself  (not  cutting  the  polygon}  as  a  hinge,  until 
it  returns  to  its  original  position,  the  volume  of  the  solid  ring  generated  by  the 
polygon  is  equal  to  a  cylinder  "whose  base  is  the  polygon  and  altitude  the  length 
of  the  path  of  its  mean  centre. 


All  p'ts  in  the  axis  of  revol' 
are  denoted  by  L. 

Let  a  pair  of  contiguous  || 
pi's  PpL,  QqL  cut  the  pol', 
intercepting  the  small  slice 
PpqQ  of  the  pol'. 

Draw  PN,  pn  _LS  to  Qq. 


Then,  when  pi's  are  taken  near  enough  together, 
vol'  generated  by  revol'  of  PQqp   =  irPN  (PL2  -  pL2) 

DM    D      PL  +  pL 
=  2  -IT  PN  .  Pp .  — 

=  2  IT  mL .  area  slice, 
where  m  is  the  mean  centre  of  Pn. 
And  whole  vol'  =  2  IT  5  (mL .  area  slice). 
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TJ  .  .r..  .  ,     ,,  ....        2  (mL .  area  slice) 

.But,  ii  M  is  mean  centre  ot  pol ,  M  L  =  — -• 

area  pol 

.•.     vol'  generated  by  pol'  =  2  ir  ML  .  area  pol' 

=  vol'  cyl'  whose  base  is  pol'  and  alt'  is  path 
of  its  mean  centre. 


Cor1 — In  the  preceding  Theorems  suppose  the  broken  line  and  pol'  each  to 
be  a  reg'r  pol' ;  and  let  the  number  of  sides  be  increased  indefinitely  in  each 
case  :  then  these  pol's  become  Os,  and  we  get,  by  their  revolution,  what  is 
called  an  anchor  ring. 

And  i°,  surf  of  anchor  ring  =  2irr.  2  ira  =  4ir2ra, 
2°,  vol'         ,,  „       =  iiT2.  2  ira    =  2  ir'i^a, 

where  r  =  rad'  of  O,  and  a  =  dist'  of  its  centre  from  axis. 


EXTENSION  OF  THE  MODERN  GEOMETRY  OF  LINES  AND  CIRCLES 
TO  PLANES  AND  SPHERES. 

Many  of  the  Definitions  and  Theorems  of  Modern  Plane  Geometry  will 
apply  to  Geometry  in  Space  by  making  slight  modifications  of  language.  It 
will  be  sufficient  to  state  the  changes  in  many  cases :  the  Student  will  have  no 
difficulty  in  extending  the  proofs  from  the  plane  to  the  solid. 

It  may  be  taken  as  evident  (or  can  be  very  easily  proved)  that — 
i°,  every  section  of  a  sphere  by  a  plane  is  a  circle  ; 

2°,  the  line  of  section  of  two  intersecting  spheres  is  the  circumference  of 
a  circle. 

These  being  premised,  we  proceed  to  enunciate  various  definitions  and 
theorems,  analogous  to  those  given  in  the  General  Addenda  of  E  •  R  •  In  a  few 
cases  some  steps  of  the  reasoning  will  be  indicated,  but  only  where  it  seems  to 
present  any  difficulty. 

Cross-ratio. 

THEOREM — If  four  given  planes  have  a  line  in  common,  and  are  cut  by  any 
line  in  points  A,  B,  C,  D,  the  cross-ratio  of  these  four  points  is  constant. 

For  if  any  other  line  is  drawn  to  cut  the  pi's  in  A',  B',  C',  D' ;  and  a  pair  of 
intersecting  pi's  is  drawn,  so  that  AD  is  in  one  pi',  and  A'  D'  in  the  other; 
then  these  pi's  will  intersect  in  a  line,  and  this  line  will  cut  the  4  given  pi's  in 
4  p'ts— say  a,  {3,  y,  8. 


8  GEOMETRY    IN    SPACE. 


Also  (ABCD)  =  (a0Y8)  =  (A'B'C'D')  ; 
whence  the  theorem  follows. 


Def — The  foregoing  constant  ratio  is  called  the  cross-ratio  (or  anhar- 
monic  ratio)  of  the  four  planes. 

Cor' — The  cross-ratio  of  4  pi's  is  the  same  as  that  of  any  5th  pi'  cutting 
them. 

Centres  and  Axes  of  Similitude. 

Def — If  we  take  two  circles  with  their  pair  of  direct  common  tangents,  and 
their  pair  of  transverse  common  tangents,  and  let  the  whole  figure  revolve 
about  the  line  of  centres,  as  a  hinge,  until  it  returns  to  its  original  position,  we 
shall  have  two  spheres,  enveloped  by  one  cone,  whose  vertex  is  the  external 
centre  of  similitude  of  the  circles ;  and  also  enveloped  by  two  cones,  whose 
common  vertex  is  the  internal  centre  of  similitude,  and  whose  vertical  angles 
are  vertically  opposite :  the  vertices  of  these  cones  are  called  respectively  the 
external  and  internal  centres  of  similitude  of  the  spheres. 


THEOREM  (i) — If  a  variable  sphere  touches  two  fixed  spheres,  the  join  of  the 
points  of  contact  goes  through  the  external  centre  of  similitude  of  the  fixed 
spheres,  when  the  contacts  are  of  the  same  kind;  and  through  the  internal 
centre  of  similitude,  when  the  contacts  are  of  opposite  kinds. 


THEOREM  (2) — The  six  centres  of  similitude  of  three  spheres,  taken  two  and 
two,  are  such  that — 

i°,  the  joins  of  the  centre  of  each  sphere  with  the  internal  centre  of  simili- 
tude of  the  other  two,  are  concurrent ; 

2°,  the  external  centre  of  similitude  of  any  pair  of  spheres,  and  the  two 
internal  centres  of  similitude  of  the  other  two,  are  collinear : 

3",  the  three  external  centres  of  similitude  are  collinear. 


Def —Of  the  above  lines  the  last  is  called  the  external  axis  of  simili- 
tude of  the  three  spheres ;  and  the  other  three  are  called  the  internal  axes  of 
similitude. 

Note — These  four  axes  of  similitude  of  three  spheres  are  those  of  three 
circles,  got  by  cutting  the  three  spheres  by  a  plane  through  their  centres. 
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Def — If  A,  B,  C,  D,  &c.,  are  any  points  in  space,  and  a,  b,  c,  d,  &c., 
points  such  that — 

i°,  A  a,  Bb,  Cc,  Dd,  &c.,  are  concurrent  in  S  ;  and, 
2°,  SA  :  Sa  -  SB  :  Sb  =  SC  :  Sc  =  &c.  =  K,  a  constant ; 
then  the  systems  A,  B,  C,  D,  &c.,  and  a,  b,  C,  d,  &c.,  are  said  to  be  similar 
to  each  other,  and  similarly  situated  with  respect  to  the  point  S ;  and  S  is 
called  their  centre  of  similarity. 
It  is  evident  that — 

i°,  any  two  parallel  planes  are  similar,  and  similarly  situated  with  respect 
to  any  point. 

2°,  any  two  spheres  are  similar,  and  similarly  situated  with  respect  to 
either  of  their  centres  of  similitude. 

Def — As  a  convenient  abbreviation,  we  shall  use  the  word  homothetic — 
the  English  equivalent  of  the  word  homothetique,  used  by  French  writers— as 
an  equivalent  for  the  words — '  similar  and  similarly  situated ' :  also — following 
the  same  writers — of  two  homothetic  systems,  each  will  be  called  the  homologue 
of  the  other. 

Note — A  straight  line,  or  a  plane,  is  its  own  homologue  with  respect  to  any 
point  in  itself  as  a  centre  of  similarity. 

THEOREM  (3) — If  each  of  two  systems  is  homothetic  to  a  third  system  the  two 
systems  are  homothetic  to  each  other ;  and  the  three  centres  of  similarity  are 
collinear. 

For  (the  fig'  can  easily  be  supplied)  let  the  system  A,  B,  C,  &c.  be  homo- 
thetic to  each  of  the  systems  a,  b,  c,  &c.  and  a,  p,  -y,  &c. 

Taking  any  two  p'ts  A,  L  of  the  Ist  system,  the  corresponding  p'ts  of  the 
other  systems  are  a,  1,  and  a,  X. 

Then  AL  is  ||,  and  in  a  fixed  ratio,  to  al; 
and  AL  „  „  a\ : 

/.     al  „  „  a\. 

And  sim'ly  for  all  corresponding  pairs  of  p'ts. 

/.     system  a,  b,  C,  &c.  is  homothetic  to  system  a,  (3,  y»  &c. 
Again  let  Si,  S2,  S3  be  the  respective  centres  of  similarity  of  the  pairs  of 
systems. 

Then  S2S3,  considered  as  belonging  to  the  isfc  system,  is  its  own  homologue 
in  the  2nd  system,  since  it  goes  thro'  S2,  the  centre  of  similarity  of  that  system 
and  the  Ist. 

So  also  it  is  its  own  homologue  in  the  3rd  system,  since  it  goes  thro'  S3,  the 
centre  of  similarity  of  that  system  and  the  Ist. 

.-.     it  must  contain  Si,  the  centre  of  similarity  of  the  2nd  and  3rd  systems : 
i.  e.     Si,  S2,  S3  are  collinear. 
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THEOREM  (4) — When  four  systems  are  homothetic,  two  and  two,  their  six 
centres  of  similarity  are  co-planar. 

Call  the  systems  (i),  (2),  (3),  (4);  and  let  S,,  S2,  S3,  be  the  respective 
centres  of  similarity  of  (i)  and  (2),  (i)  and  (3),  (i)  and  (4). 

The  pi'  S,  S2  S3  is  its  own  homologue  with  respect  (i)  and  (2),  since  it  con- 
tains their  centre  S, . 

It  is  also  its  own  homologue  in  (i)  and  (3>,  since  it  contains  their  centre  S2. 
/.  it  is  its  own  homologue  in  (2)  and  (3). 
/.  it  contains  their  centre  of  similarity : 
i.  e.  the  pi'  S,  S2  S3  contains  a  4th  centre  of  similarity. 
Sim'ly  it  can  be  shown  to  contain  a  5th,  and  the  6th. 


Note — These  six  co-planar  centres  of  similarity  are  the  corners  of  a 
complete  quadrilateral,  whose  sides  are  the  four  axes  of  similarity  of  the  four 
systems  taken  three  and  three. 

Def — Such  a  plane  as  the  above  is  called  a  plane  of  similitude  of  the 
four  systems. 

THEOREM  (5) — Four  spheres  have  eight  planes  of  similitude. 

Four  spheres  have  12  centres  of  similitude,  viz.  6  internal  and  6  external. 

Suppose  a  tetrahedron  whose  corners  are  the  centres  of  the  4  sph's. 

On  each  face  of  this  tet'  there  are  6  cent's  of  simil',  of  which  3  are  intern' 
and  3  extern'. 

Take  S,  one  of  these  6  cent's  of  simil'  on  one  face. 

S  is  on  two  axes  of  simil'  which  are  on  one  face  of  tet',  and  also  (being  on 
an  edge  common  to  2  faces)  on  two  axes  of  simil'  which  are  on  another  face. 

Taking  these  4  axes  two  and  two  we  get  4  pi's,  of  which  each,  containing 
5  cent's  of  simil',  must  also  contain  the  6th  of  the  set. 

Thus  thro'  each  of  the  6  p'ts  (like  S)  pass  4  pi's  of  simil'. 

But  each  of  these  pi's  contains  an  axis  of  similitude,  and  .*.  is  common  to 
3  cent's. 

/.  there  are  8  pi's  of  simil'  in  all. 


Note — In  the  foregoing  paragraphs,  '  similar  and  similarly  situated '  is  de- 
fined with  respect  to  one  centre  of  similarity ;  but  the  phrase  is  often  explained, 
in  more  general  terms,  thus — 

Def — Two  curves  are  said  to  be  similar  and  similarly  situated,  if  any 
radius  vector  being  drawn  to  one,  from  a  fixed  point  S,  and  a  parallel  radius 
vector  to  the  other,  from  another  fixed  point  S',  these  radii  vectores  are  in  a 
constant  ratio:  the  points  S,  S'  are  called  centres  of  similarity. 
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Radical  Planes. 

Def — That  plane  which  is  perpendicular  to  the  line  of  centres  of  two 
spheres,  and  divides  the  distance  between  their  centres  (internally  or  externally) 
into  segments,  the  difference  of  the  squares  on  which  is  equal  to  the  difference 
of  the  squares  on  their  radii,  is  called  the  radical  plane  of  the  spheres. 

THEOREM  (i) — The  radical  plane  of  two  spheres  is  the  Locus  of  points  from 
which  equal  tangent  lines  can  be  drawn  to  the  spheres. 


Cor' — When  two  spheres  cut,  their  radical  plane  is  the  plane  of  their  circle 
of  section. 

THEOREM  (2) — The  radical  plane  of  two  spheres  is  the  Locus  of  the  centres  of 
all  spheres  which  cut  the  two  spheres  orthogonally. 

THEOREM  (3) — The  radical  planes  of  three  spheres  (whose  centres  are  not 
(ollinear)  taken  two  and  two,  have  one  line  in  common. 


Def — This  line  is  called  the  radical  axis  of  the  three  spheres. 

THEOREM  (4) — The  six  radical  planes  of  four  spheres  (whose  centres  are  not 
collinear)  taken  two  and  two,  have  one  point  in  common. 


Def — This  point  is  called  the  radical  centre  of  the  four  spheres. 


Inversion. 

Def'—li  R  is  the  radius  of  a  sphere,  C  its  centre,  then  every  two  points 
P,  Q,  collinear  with  C,  and  such  that  CP.  CQ  =  R2,  are  called  inverse 
points  with  respect  to  that  sphere. 

THEOREM  (i) — The  inverse  of  a  plane  is  a  sphere  through  the  centre  of 
inversion. 

THEOREM  (2) — The  inverse  of  a  sphere  through  the  centre  of  inversion  is  a 
plane. 

THEOREM  (£)—The  inverse  of  a  sphere  not  through  the  centre  of  inversion 
is  a  sphere. 
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THEOREM  (4) — Any  radius  vector,  drawn  from  the  centre  of  inversion  as 
origin,  to  cut  a  sphere  and  its  inverse,  cuts  them  at  supplementary  angles. 

THEOREM  (5) — Two  spheres  cut  at  the  same  angle  as  their  inverses. 


Cor    (i) — If  two  spheres  (or  a  plane  and   a   sphere)  touch,  their  inverses 
touch. 

Cor"  (2) — If  a  sphere  and  its  envelope  are  inverted,  their  inverses  touch. 

THEOREM  (6) — 7fa>,  b,  c,  &c.,  are  the  respective  inverses  of  any  mimber  of 
points  A,  B,  C,  &c.,  in  space ;  then  (O  being  the  centre  of  inversion] — 

\°,for  every  two  points  A,  B, 

ab:  AB  =  R2:OA.OB; 
2°  for  every  three  points  A,  B,  C, 

bc:ca  =  OA.BC:OB.CA  ; 
y,for  every  four  poinU  A,  B,  C,  D, 

bc.ad:ca.bd=BC.AD:CA.BD. 


With  similar  changes,   most  of  the  Theorems  on  pp.  356,  357  of  Euclid 
Revised  will  hold. 


Poles  and  Polar  Planes. 

Def — If  X,  Y  are  inverse  points  with  respect  to  a  sphere,  on  the  same  side  of 
its  centre,  the  plane  through  Y,  perpendicular  to  XY,  is  called  the  polar  plane 
of  X  with  respect  to  the  sphere,  and  X  is  called  the  pole  of  the  plane 
through  Y. 

Note — When  X  is  outside  the  sphere  the  polar  plane  cuts  the  sphere  in  a 
circle,  whose  centre  is  Y,  and  which  is  the  curve. of  contact  of  the  cone  whose 
vertex  is  at  X,  and  whose  curved  surface  touches  the  sphere.  When  X,  Y 
coalesce  on  the  surface  of  the  sphere,  the  polar  plane  is  the  tangent  plane  of  the 
point  of  contact  considered  as  pole. 

THEOREM  (i) — When  a  plane  goes  through  a  fixed  point,  its  pole  lies  on  the 
polar  plane  of  that  point ;  and,  conversely,  -when  a  point  lies  on  a  fixed  plane, 
its  polar  plane  goes  through  the  pole  of  that  plane. 


Cor1 — If  a  variable  cone  circumscribes  a  sphere,  so  that  i°,  the  pi'  of  the 
curve  of  contact  goes  thro'  a  fixed  p't,  then  its  vertex  lies  on  a  fixed  pi' ;  and, 
2°,  conversely,  if  its  vertex  lies  on  a  fixed  pi',  then  the  pi'  of  its  curve  of 
contact  goes  thro'  a  fixed  p't. 
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THEOREM  (2) — If  a  line  cuts  a  sphere,  and  any  point  in  the  line  is  taken  as 
a  pole,  then  the  point  in  which  the  polar  plane  cuts  the  line  is  the  harmonic 
conjugate  of  the  two  points  in  which  the  line  meets  the  surf  ace  of  the  sphere. 


Cor'— The  pi'  thro'  any  p't  cuts  the  polar  pi'  of  the  p't  in  a  line,  which  is 
the  polar  of  the  p't  with  respect  to  the  circular  section  of  the  sphere  made 
by  the  pi'. 

THEOREM  (3) — If  the  Locus  of  a  point  is  a  fixed  line,  its  polar-plane  passes 
through  another  fixed  line  ;  and,  conversely,  if  a  plane  passes  through  a  fixed 
line,  the  Locus  of  its  pole  is  a  fixed  line. 


Def — Each  of  the  two  fixed  lines  is  called  the  polar  line  of  the  other  with 
respect  to  the  sphere. 

THEOREM  (4) — When  four  points  are  collinear,  the  cross-ratio  of  their  four 
polar  planes  is  the  same  as  that  of  the  points. 


SURFACE  SPHERICS. 

Def  —  Every  circle  on  a  sphere,  which  is  formed  by  a  plane  of  section 
through  the  centre,  is  called  a  great  circle  of  the  sphere. 

Def  —  Every  circle  on  a  sphere,  which  is  formed  by  a  plane  of  section  not 
through  the  centre,  is  called  a  small  circle  of  the  sphere. 

Def  —  The  intersections  of  great  circles  form  spherical  triangles, 
spherical  quadrilaterals,  or  (in  general  terms)  spherical  polygons  — 
the  intercepted  arcs  being  called  the  sides  of  such  polygons. 

Note  —  Unless  the  contrary  is  expressly  stated  all  spherical  polygons  are 
considered  as  having  for  their  sides  arcs  of  great  circles. 


—  The  join  (or  the  spherical  distance)  of  two  points  on  a  sphere 
is  the  arc  of  the  great  circle  drawn  through  them. 

Def  —  The  axis  of  any  circle  on  a  sphere  is  the  diameter  of  the  sphere  which 
is  perpendicular  to  the  plane  of  section  through  the  circle  ;  and  the  extremities 
of  this  axis  are  called  the  poles  of  the  circle. 

Note—It,  is  easily  seen  that  either  intersection  of  two  great  circles  is  a  pole  of 
the  join  of  their  poles. 
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Def — The  polar  distances  of  any  circle  are  the  joins  of  its  poles  to  any 
point  on  the  circumference  of  that  circle;  and  the  lesser  of  these,  in  the 
case  of  a  small  circle,  is  usually  understood  when  the  polar  distance  of  a 
circle  is  spoken  of:  in  the  case  of  a  great  circle  it  is  obvious  that  the  polar 
distances  are  equal. 

Def — If  ABC  is  a  spherical  triangle ;  and  A',  B',  C'  the  respective  poles 
of  BC,  CA,  AB  ;  then  eight  such  triangles  as  A'B'C'  exist;  and  of  these 
there  is  one  such  that  A'  and  A,  B'  and  B,  C'  and  C,  lie  respectively  towards 
the  same  parts  of  BC,  CA,  AB :  this  one  is  called  the  polar  triangle  of 
ABC. 

Note — It  can  be  easily  shown  that  if  A'B'C'  is  the  polar  triangle  of  ABC, 
then,  conversely,  ABC  is  the  polar  triangle  of  A'B'C'. 

Def — The    angle   between   two   spherical    arcs   is   considered    to   be 
represented  by  any  one  of  the  four  following  convertible  measures — 
i°,  the  dihedral  angle  between  their  planes : 

2°,  the  plane  angle  between  tangents  to  them  at  their  point  of  intersection  : 
3°,  the  arc  which  (produced  if  necessary)  they  intercept  on  the  great  circle 
which  the  corner  of  the  angle  is  pole  : 
4°,  the  spherical  distance  between  their  poles. 

Def — A  portion  of  a  surface  of  a  sphere,  enclosed  by  two  semi-great-circles, 
is  called  a  lune;  and  the  angle  between  the  circles  is  called  the  angle  of 
the  lune. 

Note — Since  area  of  lune  :  surface  of  sphere  =  angle  of  lune  :  2ir, 

.-.  area  of  lune  =  2  Ar2; 
where  A  =  angle  of  lune,  and  r  =  radius  of  sphere. 


The  adequate  treatment  of  surface  spherics  requires  the  aid  of  Spherical 
Trigonometry ;  but,  starting  from  the  definitions  just  given,  a  number  of 
propositions  can  be  proved,  respecting  spherical  triangles,  analogous  to  propo- 
sitions proved  for  plane  triangles.  For  example — 

Euclid  i.  4,  5,  6,  8,  13,  15,  18,  19,  20,  24,  25,  26,  have  their  counter- 
parts in  the  geometry  of  spherical  triangles ;  so  also  many  of  the  Problems 
of  construction  for  plane  triangles  have  their  analogues  in  spherical  geometry. 
However  most  of  these  are  of  little  value ;  and  what  are  useful  will  commonly 
be  found  in  treatises  on  Spherical  Trigonometry. 


EXERCISES  ON  SOLIDS   OP  REVOLUTION. 

THEOREMS. 

1.  Explain  the  following  extract — 

'  That  round  Globe  put  into  that  round  Drum,  to  touch  it  at  the  ends 
and  all  round,  it  is  as  precisely  as  if  you  clapt  2  into  the  inside  of  3,  not  a 
jot  more,  not  a  jot  less.'— CARLYLE'S  Dr.  Francia. 

2.  A  system  of  spheres  through  the  same  circle  are  cut  by  a  plane  ;  show  that 
the  sections  are  a  system  of  co-axal  circles. 

3.  A  system  of  spheres  touch  the  same  plane  at  the  same  point,  and  are  cut 
by  a  plane ;  show  that  the  sections  are  a  system  of  co-axal  circles. 

4.  Through  four  points  one,  and  only  one,  sphere  can  be  described. 

5.  If  the  diagonals  of  an  octahedron  are  rectangularly  concurrent,  the  pro- 
jections of  the  point  of  concurrence  on  the  faces  are  co-spheric. 

6.  If  the  diagonals  of  an  octahedron  are  rectangularly  concurrent,  and  its 
corners  co-spheric,  the  sum  of  the  squares  on  its  edges,  together  with  eight 
times  the  square  on  the  distance  of  its  circum-sphere  from  the  point  of  concur- 
rence of  its  diagonals,  is  equal  to  twenty-four  times  the  square  on  the  radius  of 
its  circum-sphere. 

7.  Deduce  the  second  of  the  Guldin  (or  Pappus]  theorems,  in  the  particular 
case  of  a  triangle,  from  Theorem  (7). 

8.  Deduce  the  area  of  the  surface  of  a  sphere  from  the  first  of  the  Guldin  (or 
Papptis)  theorems. 

9.  A  square  and  an  equilateral  triangle  circumscribe  a  circle  so  that  a  side  of 
each  are  in  the  same  line,  and  the  figure  makes  a  complete  revolution  about 
that  diameter  of  the  circle  which  is  perpendicular  to  this  common  line ;  show 
that  the  total  area  and  volume  generated  by  the  square,  are  respectively  mean 
proportionals  between  the  total  area  and  volumes  generated  by  the  triangle  and 
circle. 
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10.  Prove  that  the  volume  of  a  frustrum  of  a  cone  is  equal  to  the  sum  of  the 
volumes  of  a  cylinder  and  of  a  cone,  which  have  the  same  altitude  as  the  frus- 
trum, and  the  radii  of  whose  bases  are  respectively  half  the  sum  and  half  the 
difference  of  the  radii  of  the  bases  of  the  frustrum. 

11.  Prove  that  the  volume  of  a  shell  contained  between  two  spheres  is  equal 
to  that  of  the  frustrum  of  a  cone  the  radii  of  whose  bases  are  the  diameters  of 
the  spheres,  end  whose  altitude  is  the  thickness  of  the  shell. 

12.  Prove  that  when  the  side  of  a  frustrum  of  a  cone  is  equal  to  the  sum  of 
the  radii  of  the  bases,  the  height  of  the  frustrum  is  twice  the  geometric  mean  of 
the  radii;    and   the   volume  is  equal  to  the  total  surface  multiplied  by  the 
sixth  of  the  height. 

13.  The  total  area  (or  volume)  of  the  equilateral  cylinder  inscribed  in,  or 
circumscribed  about,  a  sphere,  is  a  mean  proportional  between  the  area  (or 
volume)  of  that  sphere,  and  the  total  area  (or  volume)  of  the  equilateral  cone 
respectively  inscribed  in,  or  circumscribed  about,  the  sphere. 

14.  The  distances  of  two  points  from  the  centre  of  a  sphere,  have  the  same 
ratio  as  their  distances  each  from  the  polar  plane  of  the  other  with  respect  to 
the  sphere.     (Extension  of  Salmon's  Theorem  in  Plane  Geometry  :  see  E-  A'- 
p.  366) 

15.  Any  three  spheres  can  be  inverted  into  three  equal  spheres.     [See  E-  R- 
P-  357  (19)] 
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PROBLEMS. 

1.  Given  the  vertex  of  a  cone  and  three  of  the  points  in  which  the  hypotenuse 
of  its  generating  triangle  meets  a  given  plane,  construct  for  the  point  where  its 
axis  meets  this  plane. 

2.  If  a  triangle  turns  round  one  of  its  sides  as  a  hinge,  until  it  returns  to  its 
original  position,  find  the  ratio  of  the  volumes  generated  by  the  two  parts  into 
which  the  triangle  is  divided  by  the  join  of  the  mid  points  of  the  other  two 
sides. 

3.  A  right-angled  triangle  is  inscribed  in  a  semi-circle,  and  the  figure  makes 
a  complete  revolution  about  the  diameter :  find  the  ratio  of  the  volumes  (or 
surfaces)  generated  by  the  triangle  and  semi-circle. 

4.  Through  a  given  point  draw  a  plane  to  touch  two  given  spheres. 

5.  Draw  a  plane  to  touch  three  given  spheres. 

6.  Circumscribe  a  sphere  about  a  given  tetrahedron. 

NOTE — Draw  _LS  to  two  of  the  faces  at  their  circum-centres :  these  will  meet  in 
the  centre  of  the  circum-sphere.  Or  bisect  three  of  the  edges  by  planes  each  _i_ 
to  the  edge  it  bisects  :  their  common  p't  will  be  the  centre  of  the  circum-sphere. 

7.  Inscribe  a  sphere  in  a  given  tetrahedron. 

NOTE — Bisect  the  diked'  f\s  at  the  three  edges  of  any  one  face :  their  common 
p't  will  be  the  centre  of  the  in-sphere. 

8.  Show  how  to  find  the  volume  of  a  frustrum  of  a  cone  by  taking  it  as  the 
difference  between  the  complete  cone   and  the  smaller  cone  cut  off  by  the 
smaller  base  of  the  frustrum. 

9.  Given  a  solid  sphere,  show  how  its  radius  may  be  found  by  the  aid  of 
a  ruler  and  compasses  only — the  latter  being  used  to  transfer  distances. 

10.  Construct  a  sphere  of  given  radius  so  that  it  will — 

i°,  pass  through  three  given  points ; 

2°,  pass  through  two   given   points  and   touch  a  given   plane,  or  a 
given  sphere ; 

3°,  pass  through  a  given  point  and  touch  two  given  planes,  or  two 
given  spheres ; 

4°,  touch  three  given  planes,  or  three  given  spheres  ; 

5°,  pass  through  a  given  point  and  touch  a  given  plane  and  a  given 
sphere ; 

6°,  touch  two  given  planes  and  a  given  sphere ; 
,  7°,  touch  a  given  plane  and  two  given  spheres. 
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11.  Construct  a  sphere  so  that  it  will — 

i°,  touch  three  given  lines,  one  of  them  at  a  given  point; 

2°,  pass  through  three  given  points  and  touch  a  given  plane,  or  a 
given  sphere ; 

3°,  pass  through  two  given  points  and  touch  two  given  planes,  or  two 
given  spheres ; 

4°,  pass  through  a  given  point  and  touch  three  given  planes,  or  three 
given  spheres ; 

5°,  touch  three  given  planes  and  a  given  sphere ; 

6°,  touch  a  plane  and  three  given  spheres ; 

7°,  touch  two  given  planes  and  two  given  spheres. 

12.  Construct  a  sphere  to  touch  four  given  spheres. 

Note — The  16  spheres  of  contact  are  given  by  either  of  the  following  con- 
structions. See  Gergonnes  solution  of  the  analogous  Problem  in  Plane 
Geometry:  £•  R- p.  350. 

(1)  Draw  a  sph'  cutting  4  sph's  orthog'ly:   let  its  pi's  of  inter  sec1  with 
4  sph's  cut  any  one  of  the  pi's,  each  of  which  contains  6  cent's  of  simil'  of 
4  sph's  taken  2  and  2  (a  pi'  of  3  cent's  being  excluded]  in  4  lines :  thro'  these 
lines  draw  tang1  pi's  to  respective  sph's  ;  their  p'ts  of  cont'  will  be  p'ts  of  cont' 
of  2  sph's  touching  the  4. 

(2)  Take  the  poles  with  respect  to  the  4  sph's  of  any  one  of  the  pi's,  each  of 
which  contains  6  of  cent's  of  simil'  0/4  sph's  taken  i  and  2  (excluding  a  pi'  of 
3  cent's)  join  these  poles  to  the  radical  cent'  of  the  4  sph's  \  joining  lines  will 
cut  respective  sph's  in  p'ts  of  cont'  of  2  of  sph's  which  touch  the  4. 

G.  F.  WALKER  :  Messenger  of  Mathematics,  vol'  xi,  p.  173.  The  second  of 
these  had  been  previously  given,  as  the  result  of  an  analysis  of  the  Problem,  in 
the  Traiti  de  Giomttrie  par  Rouchi  et  De  Comberousse,  vol'  ii,  p.  266,  5th  ed'. 
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EXERCISES  ON  SURFACE  SPHERICS. 

1 .  When  is  a  spherical  triangle  self-polar  ? 

2.  Show  that  in  a  pair  of  polar  triangles  the  sides  of  one  are  supplementary 
to  the  arcs  which  measure  the  respective  opposite  angles  of  the  other. 

3.  Show  that  the  three  sides  of  a  spherical  triangle  are  together  less  than  the 
circumference  of  a  great  circle. 

4.  By  means  of  the  last  two  Exercises  prove  that  the  three  angles  of  a  spheri- 
cal triangle  are  together  greater  than  two  right  angles,  and  less  than  six  right 
angles. 

NOTE — The  excess  of  the  3  As  of  a  spherical  A  over  2  rt.  As  is  termed  'the 
spherical  excess '  of  the  A  :   in  a  A  ABC  this  is  indicated  by 
A+  B  +  C-TT=  E. 

5.  Show  that  the  area  of  a  spherical  triangle  varies  as  its  Spherical  Excess. 
NOTE — Add  the  areas  of  the  three  lunes  of  which  the  As  of  the  A  are  As- 

6.  If  two  spherical  triangles  have  the 'three  angles  of  the  one  respectively 
equal  to  the  three  angles  of  the  other,  prove  that  the  three  sides  of  the  one  are 
equal  respectively  to  the  three  correspondingly  situated  sides  of  the  other. 

NOTE — Take  the  polar  A8,  and  assume  the  analogue  to  Euclid  \.  8. 

7.  Prove  that  a  cyclic  spherical  quadrilateral  has  the  sum  of  one  pair  of  its 
opposite  angles  equal  to  the  sum  of  its  other  pair  ;  and  conversely. 

8.  Prove  that  the  following  triads  of  arcs,  connected  with  a  spherical  triangle, 
are  in  each  case  concurrent. 

i°,  the  three  internal  bisectors  of  the  angles : 

2°,  two  external  bisectors  of  the  angles,  and  the  third  internal  bisector : 
3°,  the  bisectors  of  the  sides  each  of  which  is  perpendicular  to  the  side  it 
bisects : 

4°,  the  perpendiculars  from  the  corners  on  the  opposite  sides. 

9.  If  two  diagonals  of  a  spherical  quadrilateral  are  quadrants,  prove  that  the 
third  diagonal  is  a  quadrant. 

10.  If  ABC  is  a  spherical  triangle ;  X,  Y,  Z  the  respective  mid  points  of  the 
sides  opposite  A,  B,  C ;  and  if  XY,  produced  both  ways,  meets  AB  produced  in 
P,  Q ;  prove  that  ZP,  ZQ  are  each  quadrants. 

Hence  solve  this  Problem — Given  the  base  of  a  spherical  triangle,  and  the 
length  of  the  arc  joining  the  mid  points  of  the  sides;  find  the  Locus  of  its 
vertex. 
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11.  Construct    the    in-circle,    circum-circle,   and  ex-circles   of   a   spherical 
triangle. 

12.  Given  the  base,  and  sum  of  base  angles,  of  a  spherical  triangle,  show 
that  the  internal  bisector  of  the  vertical  angle  goes  through  one  fixed  point,  and 
the  external  bisector  through  another. 

13.  In  a  spherical  triangle  ABC,  given  AB,  and  A  +  B  +  C,  show  that  the 
Locus  of  C  is  a  small  circle  through  A,  B  whose  pole  is  known. 

Hence  solve  this  Problem— Given  the  base  and  area  (cf.  Exercise  5)  of  a 
spherical  triangle,  find  the  Locus  of  its  vertex.     (Lexers  Locus) 

14.  Prove  that  the  arcs  of  great  circles  through  the  corners  of  a  spherical 
triangle,  bisecting  its  area,  are  concurrent.     (Steiner's  Theorem} 
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*THE  GEOMETRICAL  THEORY  OF  PERSPECTIVE  IN  SPACE. 

Introduction — In  what  follows  we  shall  use  the  term  cone  in  its  most  general 
sense,  viz.  that  in  which  the  guiding  curve  of  the  generator  may  be  any  closed 
figure,  whether  curvilinear  or  rectilinear,  or  partly  curvilinear  and  partly 
rectilinear.  It  is  obvious  that  every  tangent  plane  to  a  cone  passes  through  the 
vertex. 

Definition — The  point  of  intersection  of  two  straight  lines  will  be  termed 
the  cross  of  the  two  straight  lines. 

We  shall  have  occasion  to  make  use  of  the  following  Lemmas. 

Lemma  i — If  any  number  of  points  are  collinear  three  by  three,  they  are  all 
collinear. 

Lemma  ii — If  any  number  of  straight  lines,  which  are  not  all  in  the  same 
plane,  are  concurrent  two  by  two  they  are  all  concurrent. 

Definition — Two  plane  figures  in  space  are  said  to  be  in  perspective  when 
they  are  plane  sections  of  the  same  cone. 

There  are  two  species  of  perspective — 

i°,  direct — when  the  sections  are  situated  on  the  same  side  of  the  vertex. 
2°,  inverse — when  the  sections  are  situated  on  opposite  sides  of  the  vertex. 

The  vertex  of  the  cone  is  called  the  centre  of  perspective,  and  the  line  of 
intersection  of  the  planes  of  the  sections  is  called  the  axis  of  perspective. 

Note — When  the  perspective  is  direct  it  is  clear  that  one  figure  exactly  covers 
the  other  when  viewed  from  the  centre  of  perspective,  hence  the  name. 

Definition — When  two  plane  figures  in  space  are  in  perspective,  we  shall 
denote  those  points  which  are  in  perspective  with  each  other  by  the  term 
corresponding  points ;  and  also  the  line  which  joins  two  points  in  one  figure 
and  that  which  joins  the  corresponding  points  in  the  other,  by  the  term  corre- 
sponding lines. 

*  From  a  paper  in  The  Quarterly  Journal  of  Mathematics,  No.  84,  1886; 
by  Mr.  ALEXANDER  LARMOR,  Fellow  of  Clare  College,  Cambridge. 
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Definition — When  two  figures  are  so  related  that  to  each  line  in  one  cor- 
responds a  definite  line  in  the  other,  we  shall  denote  the  cross  of  two  lines 
in  the  one  and  that  of  the  corresponding  lines  in  the  other  by  the  term  cor- 
responding points. 

Note — When  two  plane  figures  in  space  are  in  perspective  it  follows  that  the 
cross  of  any  two  lines  in  one  figure  is  in  perspective  with  the  cross  of  the 
corresponding  lines  in  the  other.  For,  draw  the  two  planes  passing  through 
the  centre  of  perspective  and  each  of  the  two  lines  in  the  first  figure :  these 
planes  contain,  respectively,  the  corresponding  lines  in  the  second  figure,  and 
the  two  points  in  question  therefore  lie  on  their  line  of  intersection.  But  when 
two  rectilinear  figures  in  the  same  plane  have  their  angular  points  in  per- 
spective, it  is  clearly  not  necessary  that  the  cross  of  any  two  chords  of  the 
perimeter  of  one  should  be  in  perspective  with  the  cross  of  the  corresponding 
chords  of  the  perimeter  of  the  other. 

Definition — When  this  last  condition  is  satisfied  we  shall  speak  of  the  two 
figures  in  the  same  plane  as  being  in  complete  perspective  *. 

Definition — In  the  same  manner  two  solids  will  be  said  to  be  in  complete 
perspective  when  they  may  be  regarded  as  made  up  of  corresponding  points 
(i.  e.  points  in  perspective)  so  related  that  the  cross  of  any  two  lines  in  one 
solid  is  in  perspective  with  the  cross  of  the  corresponding  lines  in  the  other. 


THEOREM  (i) — If  two  triangles  in  space  are  so  related  that  the  joins  of  their 
torresponding  vertices  meet  in  a  point,  the  crosses  of  their  corresponding  sides 
•will  lie  on  a  straight  line  ;  and  conversely.  (Desargties) 

Let  ABC,  O^Y  be  the  two  triangles  in  different  planes,  not  parallel. 
The  planes  of  ABC,  a0Y  intersect  in  a  straight  line  (L,  say). 
But  AB,  a{3  being  in  one  plane  and  not  parallel  must  meet. 

/.     their  cross  lies  in  L. 

Similarly  BC,  0y  meet  in  L ;  and  so  also  CA,  ya. 

For  the  converse ;  we  know  by  hypothesis  that  each  pair  of  corresponding 
sides  intersects. 

/.     AB,  a|3  intersect,  and  therefore  lie  in  the  same  plane  ; 
/.     Aa,  B|3  lie  in  the  same  plane  and  must  intersect,  if  produced. 
Similarly   B|3,  Cy  „  ,,  „ 

„  Aa,  Cy  „  „  „ 

/.     Aa,  Bp,  CY  meet  in  the  same  point.     (Lemma  ii.) 

*  By  P>ench  writers  they  are  called  figures  in  homology. 
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THEOREM  (2) — If  two  triangles  in  the  same  plane  are  so  related  that  the 
joins  of  their  corresponding  vertices  meet  in  a  point,  the  crosses  of  their  cor- 
responding sides  will  lie  on  a  straight  line  ;  and  conversely.  (Desargues) 

Let  ABC,  abc  be  the  two  triangles,  O  their  centre  of  perspective. 

Let  O'  be  any  point  on  the  normal  at  O  to  the  plane  of  the  triangles,  and 
let  O'A,  O'B,  O'C  meet  the  normals  at  a,  b,  c  in  a',  b',  c'  respectively. 

Then  O'  is  the  centre  of  perspective  of  the  triangles  ABC,  a'b'c'. 

Therefore,  by  (i),  the  crosses  of  their  three  pairs  of  corresponding  sides  lie 
on  a  straight  line. 

But  ABC,  abc  are  the  orthogonal  projections  of  these  triangles  on  the 
original  plane. 

.*.  the  crosses  of  the  three  pairs  of  corresponding  sides  of  these  triangles  lie 
on  the  same  straight  line. 

For  the  converse ;  we  know,  by  hypothesis,  that  the  crosses  of  the  three  pairs 
of  corresponding  sides  lie  on  a  straight  line  (L,  say). 

Through  this  straight  line  draw  a  plane  meeting  the  normals  at  a,  b,  C  to 
the  plane  of  the  triangles,  in  a',  b',  c'  respectively. 

Then  ABC,  a'b'c'  are  two  triangles  in  space,  so  related  that  the  crosses  of 
their  three  pairs  of  corresponding  sides  lie  on  the  straight  line  L. 

Therefore,  by  (i),  they  are  in  perspective. 

Therefore  ABC,  abc,  which  are  the  orthogonal  projections  of  these  triangles 
on  the  original  plane,  are  also  in  perspective.  (Cf.  Euclid  Revised,  p.  322) 


THEOREM  (3) — If  any  two  plane  figures  in  space  are  in  perspective,  the 
crosses  of  all  pairs  of  corresponding  straight  lines  are  collinear ;  and  con- 
versely, if  two  plane  figures  in  space  correspond,  line  for  line,  in  such  manner 
that  the  crosses  of  all  pairs  of  corresponding  straight  lines  are  collinear,  then 
the  two  figures  are  in  perspective. 

For  each  pair  of  corresponding  straight  lines  lies  in  a  plane  passing  through 
the  centre  of  perspective,  and  therefore  will  intersect  if  produced ;  their  cross 
lies  in  the  plane  of  each  figure,  and  therefore  on  the  line  of  intersection  of  their 
planes. 

For  the  converse  ;  take  any  three  lines  forming  a  triangle  in  one  figure,  and 
its  corresponding  triangle  in  the  other ;  these  triangles  are  so  related  that  the 
crosses  of  their  three  pairs  of  corresponding  sides  are  collinear. 

Therefore,  by  (i),  the  joins  of  their  corresponding  vertices  are  concurrent. 

Thus  the  joins  of  any  three  pairs  of  corresponding  points  are  con- 
current ;  whence  the  joins  of  all  pairs  of  corresponding  points  are  concurrent. 
(Lemma  ii). 
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THEOREM  (4) — If  any  tivo  figures  in  the  same  plane  are  in  complete  per- 
spective^ the  crosses  of  all  pairs  of  corresponding  straight  lines  are  collinear  ; 
and  conversely,  if  any  tivo  figures  in  the  same  plane  correspond,  line  for  line,  in 
such  manner  that  the  crosses  of  all  pairs  of  corresponding  straight  lines  are 
collincar,  tJie  tivo  figures  are  in  complete  perspective. 

Take  any  three  points  in  one  figure  and  their  corresponding  points  in  the 
other.  These  are,  respectively,  the  vertices  of  two  triangles  in  perspective; 
therefore,  by  (2),  the  crosses  of  their  three  pairs  of  corresponding  sides  are 
collinear.  Thus  the  crosses  of  any  three  pairs  of  corresponding  straight  lines 
in  the  two  figures  are  collinear  ;  whence  (Lemma  i)  the  crosses  of  all  pairs  of 
corresponding  straight  lines  are  collinear. 

For  the  converse;  take  any  three  straight  lines  in  one  figure  and  their 
corresponding  straight  lines  in  the  other:  these  form  two  triangles  so  related 
that  the  crosses  of  their  three  pairs  of  corresponding  sides  lie  on  a  straight  line. 

Therefore,  by  (2),  the  joins  of  their  three  pairs  of  corresponding  vertices  are 
concurrent  : 

i.  e.  the  joins  of  any  three  pairs  of  corresponding  points  in  the  two  figures 
are  concurrent. 

Whence  (Lemma  ii)  the  joins  of  all  pairs  of  corresponding  points  are 
concurrent. 

THEOREM  (5) — If  any  two  plane  figures  in  space  are  in  perspective,  they 
will  always  remain  so,  however  they  may  be  turned  about  the  line  of  inter- 
section of  their  planes  as  axis. 

The  criterion  that  they  should  always  remain  in  perspective  is,  by  (3),  that 
the  crosses  of  all  pairs  of  corresponding  straight  lines  should  always  be  on 
the  line  of  intersection  of  the  planes  of  the  figures ;  and  this  is  clearly  always 
satisfied,  since  it  is  satisfied  in  the  initial  positions  of  the  figures. 


THEOREM  (6) — If  any  two  tetrahedrons  are  in  perspective  the  crosses  of 
corresponding  edges  lie  in  a  plane. 

Let  ABCD,  abed,  be  the  two  tetrahedrons,  and  let  us  denote  the  cross 
of  corresponding  edges  AB,  ab  by  AB  .  ab,  &c. 

Then,  since  ABC,  abc  are  two  triangles  in  perspective, 
AB  .  ab,     BC  .  be,     AC  .  ac  are  collinear. 
Similarly,  AB.ab,    AD.  ad,     BD.bd  „ 
BC.bc,     CD.cd,     BD.bd,, 
AC.ac,    CD.cd,    AD. ad  „ 
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Thus  the  six  crosses  of  corresponding  sides  lie  three  by  three  on  four 
mutually  intersecting  straight  lines,  and  must  therefore  also  lie  in  the  same 
plane,  viz.  the  plane  of  the  complete  quadrilateral  of  which  the  six  points 
are  the  vertices,  as  in  the  following  figure. 


AB-ab 


THEOREM  (7) — If  any  two  solids  are  in  complete  perspective,  the  crosses 
of  corresponding  straight  lines  are  co-planar. 

For,  any  two  corresponding  straight  lines  lie  in  a  plane  containing  the  centre 
of  perspective,  and  if  any  plane  be  drawn  through  the  centre  of  perspective,  it 
intersects  the  two  solids  in  two  figures  that  are  in  complete  perspective,  and 
therefore  the  locus  of  the  crosses  of  corresponding  lines  in  this  plane  is  a 
straight  line,  by  (4).  Hence  the  locus  of  the  crosses  of  corresponding  lines  in 
the  two  solids  is  a  surface  whose  section  by  any  plane  through  the  centre 
of  perspective  is  a  straight  line.  This  surface  is  clearly  a  plane ;  we  shall 
call  it  the  plane  of  perspective  of  the  two  solids. 

THEOREM  (8) — If  any  three  plane  figures  in  space  are  in  perspective,  two 
and  two,  and  if  the  perspectives  be  (1°)  all  direct,  or  (2°)  one  direct  and  two 
inverse,  their  three  centres  of  perspective  will  be  collinear,  and  their  three  axes 
of  perspective  will  be  concurrent. 

The  axis  of  perspective  of  two  plane  figures  (supposed  ovals  for  clearness) 
is>  bY  (3)>  the  line  of  intersection  of  their  planes,  hence  the  three  axes  of 
perspective  will  meet  in  the  point  of  intersection  of  the  three  planes  of  the 
figures,  which  proves  the  latter  part  of  the  proposition. 
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Again,  by  hypothesis,  any  two  of  the  figures  under  consideration  lie  on  a 
cone  whose  vertex  is  the  corresponding  centre  of  perspective,  and  every  plane 
which  touches  both  figures  will  be  a  tangent  plane  to  this  cone,  and  will  there- 
fore pass  through  the  centre  of  perspective,  provided,  when  the  perspective 
is  direct  it  has  both  figures  on  the  same  side,  and  when  the  perspective  is 
inverse  it  has  the  figures  on  its  opposite  sides. 

We  can  draw  a  pair  of  planes  touching  all  the  three  given  figures  and  having 
them  all  on  one  side  of  either  plane,  as  is  seen  by  making  a  plane  roll  round 
in  contact  with  two  of  them  until  it  touches  the  third;  and  we  can  in  the 
same  way  draw  three  other  pairs  of  planes  touching  all  three  figures  in  such 
a  manner  that  each  plane  will  have  one  figure  on  one  side  and  the  other  two 
on  its  opposite  side. 

Now  let  us  suppose  that  each  pair  of  the  given  figures  has  two  centres  of 
perspective,  one  direct  and  one  inverse,  and  there  will  be  in  all  six  centres 
of  perspective,  three  direct  and  three  inverse. 

From  the  first  paragraph  it  follows  that  the  three  direct  centres  of  perspec- 
tive lie  on  the  line  of  intersection  of  the  pair  of  planes  touching  all  three 
figures,  and  having  them  all  on  one  side  of  either  plane ;  and  again  that  each 
direct  centre  of  perspective  and  the  other  two  inverse  centres  lie  on  the  line  of 
intersection  of  the  pair  of  planes  touching  all  three  figures,  and  having  those 
two  figures  to  which  the  direct  centre  belongs  on  one  side  of  either  plane  of  the 
pair,  and  the  remaining  figure  on  the  other  side. 

Thus  the  six  centres  of  perspective  lie  three  by  three  on  four  straight  lines 
and  are  therefore  the  vertices  of  a  complete  quadrilateral. 

When  only  three  centres  of  perspective  exist  the  proposition  enunciated  still 
holds  provided  the  perspectives  are  of  the  species  therein  specified. 

THEOREM  (9) — If  three  solids  are  in  complete  perspective,  two  and  two,  and 
if  the  perspectives  are  (i°)  all  direct,  or  (2°)  one  direct  and  two  inverse,  their 
three  centres  of  perspective  will  be  collinear,  and  their  three  planes  of  per- 
spective will  pass  through  a  straight  line. 

For  each  pair  of  solids  (considered  ovals  for  clearness)  has  a  common 
tangent  cone  whose  vertex  is  the  corresponding  centre  of  perspective,  and  every 
plane  which  touches  two  of  the  solids  will  be  a  tangent  plane  to  this  cone  and 
will  therefore  pass  through  the  corresponding  centre  of  perspective ;  provided, 
when  the  perspective  is  direct,  it  has  both  solids  on  the  same  side;  and,  when 
the  perspective  is  inverse,  it  has  the  solids  on  its  opposite  sides. 

As  in  (8)  we  see  that  we  can  draw  eight  planes  to  touch  the  three  solids; 
and  that  when  each  pair  of  solids  has  two  centres  of  perspective,  one  direct 
and  one  inverse,  the  three  direct  centres  of  perspective  He  on  a  straight  line 
and  each  direct  with  the  other  two  inverse  lies  on  another  straight  line ;  and 
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when  only  three  centres  of  perspective  exist,  the  proposition  enunciated  still 
holds  provided  the  perspectives  are  of  the  species  therein  specified. 

Again,  take  any  plane  figure  in  one  of  the  solids  and  the  corresponding 
figure  in  each  of  the  other  solids.  These  figures  are  also  plane,  for  a  straight 
line  corresponds  to  a  straight  line,  and  the  surface  corresponding  to  a  plane 
may  therefore  be  considered  to  be  the  Locus  of  a  straight  line  which  always 
intersects  two  given  intersecting  straight  lines.  The  three  axes  of  perspective  of 
these  three  figures  meet  in  a  point,  viz.  the  point  common  to  their  three  planes. 
This  point  must  obviously  lie  on  each  of  the  three  planes  of  perspective.  Thus 
the  three  planes  of  perspective  have  a  series  of  points  in  common,  which  can 
only  occur  when  they  pass  through  the  same  straight  line. 

THEOREM  (10) — If  three  figures  in  the  same  plane  are  in  complete  perspec- 
tive, two  and  two,  and  if  the  perspectives  be  (i°)  all  direct,  or  (2°)  one  direct 
and  two  inverse,  their  three  centres  of  perspective  will  be  collinear,  and  their 
three  axes  of  perspective  will  be  conczirrent  *. 

This  follows  from  (9)  since  we  may  consider  the  three  figures  to  be  sections, 
by  a  plane  containing  the  three  centres  of  perspective,  of  three  solids  that  are 
in  complete  perspective  two  and  two.  A  familiar  example  of  this  proposition 
is  furnished  by  the  case  of  three  circles  in  the  same  plane.  (Cf.  Euclid  Revised, 
P-  334) 

*  Two  Theorems,  due  to  Chasles — particular  cases  of  this  general  Theorem — 
are  enunciated  in  Euclid  Revised ' :  p.  329,  Exercise  4.  To  render  this  part  of 
the  subject  more  complete,  Chasles  proofs  of  them  are  here  subjoined.  The 
Student  can  easily  supply  the  needful  diagrams. 


THEOREM  (i) — When  three  triangles,  in  perspective  two  and  two,  have  the 
same  axis  of  perspective ,  their  three  centres  of  perspective  are  collinear. 

Let  abc,  a'b'c',  a"b"c",  be  three  As,  whose  corresponding  sides  are  con- 
current, three  and  three,  in  the  three  collinear  p'ts  a,  $,  y. 

The  three  sides  ab,  a'b',  a"b"  give  (by  joining  their  corresponding  extremities) 
two  As  aa'a",  bb'b",  whose  corners  are,  two  and  two,  on  three  lines  con- 
current in  7. 

Hence  the  three  sides  aa',  aa",  a'a",  of  the  first,  meet  respectively  the  three 
sides,  bb',  bb",  b'b"  of  the  second,  in  three  collinear  p'ts. 

But  these  three  p'ts  are  the  centres  of  perspective  of  the  three  original  As, 
taken  two  and  two. 

Hence  the  Theorem. 
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Cor — Two  homothetic  A8  are  two  A*  in  perspective,  whose  axis  of 
perspective  is  at  an  infinite  distance. 

Hence,  when  three  As  are  homothetic,  two  and  two,  their  centres  of  similarity 
(which  are  the  same  as  their  centres  of  perspective)  are  collinear. 

THEOREM  (2) — When  three  triangles,  in  perspective  two  and  two,  have  the 
same  centre  of  perspective,  their  three  axes  of  perspective  are  concurrent. 

Let  abc,  a'b'c',  a"b"c",  be  three  As,  whose  comers  are,  three  and  three,  on 
three  lines  concurrent  in  S,  the  common  centre  of  perspective  of  the  three  As. 

The  three  sides,  ab,  alb',  a"b"  form  a  A  ;  and  the  three  sides  ac,  a'c', 
a"c"  form  a  second. 

These  two  As  are  in  perspective,  since  the  three  sides  of  the  one  meet 
respectively  the  three  sides  of  the  other  in  three  collinear  p'ts  a,  a',  a". 

Hence  the  corners  of  these  two  As  are,  two  and  two,  on  three  concurrent 
lines. 

But  these  lines  are  precisely  the  axes  of  perspective  of  the  three  original  A s. 

Hence  the  Theorem.    (Chasles  ;  Geometrie  Superieure,  pp.  283,  284) 
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Angle  between  two  spherical  arcs, 

measure  of,  84. 

Axes  of  similitude  of  spheres,  78. 
Axiom,  on  the  rotation  of  a  plane,  4. 

Bobillier,  Theorem  of,  59. 
Broken  line,  def  of,  75. 


Centres  of  similitude  of  spheres,  78. 
Centre  of  vision,  clef  of,  2. 
Chasles,  Theorems  of,  97  and  98. 
Complete  perspective,  def  of,  92. 
Cone,  def  of,  65  and  91. 

axis  of,  65. 

base  of,  65. 

frustrum  of,  66. 

radius  of,  65. 

slant  side  of,  65. 

truncated,  66. 

vertex  of,  65. 
Co-planar,  def  of,  7. 
Corresponding  points  and  lines,  9 1 . 
Cross  of  two  lines,  91. 
Cross  ratio  of  four  planes,  77. 
Cube,  construction  for,  38. 

parts  of,  39. 
Cylinder,  def  of,  64. 

axis  of,  64. 

bases  of,  64. 

radius  of,  64. 


Delian  Problem,  57. 

Desargues,  Theorems  of,  92  and  93. 

Developable  surfaces,  68. 


Dihedral  angle,  def  of,  23. 
Dodecahedron,  construction  for,  38. 
parts  of,  39. 


Euler,  Theorem  of,  34. 


Gauche  polygon,  27. 
Great  circles,  def  of,  83. 
Guldin,  Theorems  of,  75,  76. 


Homologue,  79. 
Homothetic,  79. 
Horizontal  plane,  def  of,  2. 


Icosahedron,  construction  for,  38. 

parts  of,  39. 

Inclination  of  a  line  to  a  plane, 
def  of,  21. 

plane  to  a  plane,  def  of,  23. 
Inverse  points  with  respect  to  a 

sphere,  81. 
Isometrical  drawing,  i. 


Lexell,  Locus  of,  90. 

Limit,  def  of,  43. 

Limits,  method  of,  42. 

Listing,  extensions  of  Euler'sTheorem 

35- 

Lune,  def  of,  85. 
area  of,  85. 
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Mean  centre,  extension  of  term  to 
areas  and  solids,  73,  74. 

Normal  to  a  plane,  def  of,  21. 

Obliques  to  a  plane,  def  of,  21. 
Octahedron,  construction  for,  38. 
parts  of,  39. 


Pyramid,  def  of,  48. 
altitude  of,  48. 
base  of,  48. 
frustrum  of,  48. 
lateral  faces,  or  sides,  of,  48. 
vertex  of,  48. 
when  regular,  48. 
symmetrical  with  another,  48. 
truncated,  48. 


Parallel  planes,  def  of,  13. 
Pappus,  Theorem  of,  75,  76. 
Parallelepiped,  def  of,  40. 

when  rectangular,  41. 
Perpendicular,  line  to  a  plane,  7. 

foot  of,  7. 

plane  to  a  plane,  16. 
Perspective  drawing,  1-3. 
Perspective,  direct  and  inverse,  91. 

centre  and  axis  of,  91. 
Picture-plane,  2. 
Plane,  def  of,  i. 
Planes  of  similitude,  80. 
Polar  line  of  a  sphere,  83. 
Polar  plane  of  a  sphere,  82. 
Polar  triangles,  84. 
Poles  of  circles  on  a  sphere,  83. 
Polyhedral  angles,  def  of,  18. 

when  identically  equal,  26. 

when  symmetrically  equal,  26. 
Polyhedron,  def  of,  34. 

altitude  of,  34. 

base  of,  34. 

corners  of,  34. 

edges  of,  34. 

faces  of,  34. 

vertex  of,  34. 

when  regular,  36. 
Prism,  clef  of,  46. 

ends,  or  bases,  of,  46. 

lateral  faces,  or  sides,  of,  46. 

right  or  oblique,  47. 
Projection  of  a  line  on  a  plane,  21 


Kadical  axes  of  spheres,  81. 

centres  of  spheres,  81. 

planes  of  spheres,  Si. 
Kegular  polyhedra,  36-39. 


'  Similar  and   similarly  situated,' 

def  of,  79,  80. 
Similarity,  centre  of,  55  and  79. 

centres  of,  80. 
Small  circles,  clef  of,  83. 
Solid,  def  of,  34. 

angle,  def  of,  18. 
edges  of,  18. 
sides,  or  faces,  of,  18. 
vertex  of,  18. 
figures,  i. 
Sphere,  def  of,  67. 

centre  and  radius  of,  67. 
frustrum  of,  67. 
bases  of  frustrum  of,  67. 
zone  of,  68. 

Spherical  excess,  def  of,  89. 
Steiner,  Theorem  of,  90. 
Surface,  def  of,  i. 
Surface  spherics,  83. 


'  Taken    the    same    way    round, 

meaning  of,  26. 

Tetrahedron,  construction  for,  38. 
orthogonal  def  of,  61. 
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Tetrahedron,  parts  of,  39. 

properties  of,  60-62. 

twelve-point  sphere  of,  62. 
Three  dimensions,  def '  of,  I . 
Torry,  construction  for  properties  of 

tetrahedra,  60. 
Trihedral  angles,  def  of,  18. 

Unit  of  area,  45. 

volume,  45. 


Vanishing  points,  def  of,  2. 
Vertical  line,  def  of,  2. 
Volume  of  a  solid,  def  of,  34. 

cone,  65. 

cylinder,  64. 

frustrum  of  a  cone,  67. 

frustrum  of  a  sphere,  72. 

sphere,  69. 

Zone  of  a  sphere,  68. 


THE    END. 
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-  Nalopdkhydnam.       Story    of    Nala,    an    Episode     of 

the  Maha-Bharata :  the  Sanskrit  text,  with  a  copious  Vocabulary,  and  an 
improved  version  of  Dean  Milman's  Translation,  by  Sir  M.  Monier- Williams, 
M.A.  Second  Edition,  Revised  and  Improved.  1879.  8vo.  15^. 

Sakuntala.    A  Sanskrit  Drama,  in  Seven  Acts.    Edited 

by  Sir  M.  Monier- Williams,  M.A.     Second  Edition,  1876.   Svo.  2is, 

SYRIAC. — Thesaurus  Syriacus :  collegerunt  Quatremere,  Bern- 
stein, Lorsbach,  Arnoldi,  Agrell,  Field,  Roediger:    edidit  R.  Payne  Smith, 
S.T.P.    Fasc.  I-VI.    1868-83.  sm.  fol.  each,  il.  is.   Fasc.  VII.   il.iis.6d. 
Vol.  I,  containing  Fasc.  I-V,  sm.  fol.  5/.  $s. 

The  Book  ofKalllah  and  Dimnah.  Translated  from  Arabic 

into  Syriac.      Edited  by  W.  Wright,  LL.D.     1884.  Svo.  2is. 


GREEK  CLASSICS,  &c. 

Aristophanes:    A   Complete  Concordance   to   the  Comedies 

and  Fragments.     By  Henry  Dunbar,  M.D.     4to.  i/.  is. 

Aristotle:    The  Politics,  with  Introductions,  Notes,   etc.,  by 

W.  L.  Newman,  M.A.,  Fellow  of  Balliol  College,  Oxford.     Vols.  I.  and  II. 
Medium  Svo.  28-$-.    Just  Published. 

Aristotle:  The  Politics,  translated  into*  English,  with  Intro- 
duction, Marginal  Analysis,  Notes,  and  Indices,  by  B.  Jowett,  M.A.  Medium 
Svo.  2  vols.  2is. 

Catalogus    Codicum    Graecorum    Sinaiticorum.      Scripsit   V. 

Gardthausen  Lipsiensis.     With  six  pages  of  Facsimiles.     Svo.  linen,  25^. 

Heracliti  Ephesii  Reliquiae.     Recensuit    I.    By  water,   M.A. 

Appendicis  loco  additae  sunt  Diogenis  Laertii  Vita  Heracliti,  Particulae  Ilip- 
pocratei  De  Diaeta  Libri  Primi,  Epistolae  Heracliteae.  1877.  Svo.  6s. 

Herculanensium  Voluminum  Partes  II.  1824.  Svo.  los. 
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Fragment  a  Hcrculanensia.     A  Descriptive  Catalogue  of  the 

Oxford  copies  of  the  Herculanean  Rolls,  together  with  the  texts  of  several 
papyri,  accompanied  by  facsimiles.  Edited  by  Walter  Scott,  M.A.,  Fellow 
of  Merton  College,  Oxford.  Royal  8vo.  cloth,  2is. 

Homer:    A    Complete   Concordance    to    the   Odyssey    and 

Hymns  of  Homer  ;  to  which  is  added  a  Concordance  to  the  Parallel  Passages 
in  the  Iliad,  Odyssey,  and  Hymns.  By  Henry  Dunbar,  M.D.  1880.  4to.  I/,  u. 

Scholia    Graeca  in  Iliadem.     Edited   by   Professor  W. 

Dindorf,  after  a  new  collation  of  the  Venetian  MSS.  by  D.  B.  Monro,  M.A., 
Provost  of  Oriel  College.  4  vols.  8vo.  2/.  los.  Vols.  V  and  VI.  In  the  Press. 

Scholia  Graeca  in  Odysseam.     Edidit  Guil.  Dindorfius. 

Tomill.     1855.  8vo.    15*.  6</. 

Plato :  Apology,  with  a  revised  Text  and  English  Notes,  and 

a  Digest  of  Platonic  Idioms,  by  James  Riddell,  M.A.    1878.  8vo.  8s.  6d. 

Philebus,  with  a  revised  Text  and  English  Notes,  by 

Edward  Poste,  M.A.     1860.    Svo.  7*.  6d. 

-  Sophistes  and  Politicus,  with  a  revised  Text  and  English 

Notes,  by  L.  Campbell,  M.A.     1867.    Svo.  i8s. 

Theaetetus,  with  a  revised  Text  and   English   Notes, 

by  L.  Campbell,  M.A.    Second  Edition.  Svo.  IQS.  6d. 

The  Dialogues,  translated  into  English,  with  Analyses 

and  Introductions,  by  B.  Jowett,  M.A.  A  new  Edition  in  5  volumes,  medium 
Svo.  1875.  3/.  ioj. 

—  The  Republic,  translated  into  English,  with  an  Analysis 

and  Introduction,  by  B.  Jowett,  M.A.    Medium  Svo.    I2s.  6J. 

Thucydides :    Translated    into    English,   with    Introduction, 

Marginal  Analysis,  Notes,  and  Indices.  By  B.  Jowett,  M.A.  2  vols.  1881. 
Medium  8vo.  i/.  izs. 


THE    HOLY  SCRIPTURES,  &c. 

STUDIA  BIBLICA.— Essays  in  Biblical  Archaeology  and  Criti- 
cism, and  kindred  subjects.  By  Members  of  the  University  of  Oxford.  Svo. 
ioj.  6d. 

ENGLISH. —  The  Holy  Bible  in  the  earliest  English  Versions, 

made  from  the  Latin  Vulgate  by  John  Wycliffe  and  his  followers :  edited  by 
the  Rev.  J.  Forshall  and  bir  F.  Madden.  4  vols.  1850.   Royal  410.  3/.3-T. 
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[Also  reprinted  from  the  above,  with  Introduction  and  Glossary 
by  W.  W.  Skeat,  Litt.  D. 

The  Books  of  Job,  Psalms,  Proverbs,  Ecclesiastes,  and  the 

Song  of  Solomon:  according  to  the  Wycliffite  Version  made  by  Nicholas 
de  Hereford,  about  A.D.  1381,  and  Revised  by  John  Purvey,  about  A.D.  1388. 
Extra  fcap.  8vo.  $s.  6d. 

The  New  Testament  in  English,  according  to  the  Version 

by  John  Wycliffe,  about  A.D.  1380,  and  Revised  by  John  Purvey,  about  A.D. 
1388.  Extra  fcap.  8vo.  6s.] 


ENGLISH. — The  Holy  Bible:  an  exact  reprint,  page  for  page, 

of  the  Authorised  Version  published  in  the  year  161 1.  Demy  4to.  half  bound 
i/.  is. 

-  The  Psalter,  or  Psalms  of  David,  and  certain  Canticles, 

with  a  Translation  and  Exposition  in  English,  by  Richard  Rolle  of  Hampole. 
Edited  by  H.  R.  Bramley,  M.A.,  Fellow  of  S.  M.  Magdalen  College,  Oxford. 
With  an  Introduction  and  Glossary.  Demy  8vo.  I/,  is. 

Lectures  on  the  Book  of  Job.     Delivered  in  Westminster 

Abbey  by  the  Very  Rev.  George  Granville  Bradley,  D.D.,  Dean  of  West- 
minster. Crown  8vo.  JS.  6d. 

Lectures  on  Ecclesiastes.     By  the  same  Author.     Crown 

8vo.  4^.  6d. 

GOTHIC. — The  Gospel  of  St.  Mark  in   Gothic,  according  to 

the  translation  made  by  Wulfila  in  the  Fourth  Century.  Edited  with  a 
Grammatical  Introduction  and  Glossarial  Index  by  W.  W.  Skeat,  Litt.  D. 
Extra  fcap.  8vo.  4^. 

GREEK. —  Vetus  Testamentum  ex  Versione  Septuaginta  Inter- 

pretum  secundum  exemplar  Vaticaiium  Romae  editum.  Accedit  potiorvarietas 
Codicis  Alexandrini.  Tomi  III.  Editio  Altera.  iSmo.  iSs.  The  volumes 
may  be  had  separately,  price  6s.  each. 

Origenis  Hexaplorum  quae   supersunt ;    sive,  Veterum 

Interpretum  Graecorum  in  totum  Vetus  Testamentum  Fragmenta.  Edidit 
Fridericus  Field,  A.M.  2  vols.  1875.  4to-  5^  5s- 

The   Book   of   Wisdom:    the   Greek   Text,   the   Latin 

Vulgate,  and  the  Authorised  English  Version ;  with  an  Introduction,  Critical 
Apparatus,  and  a  Commentary.  By  William  J.  Deane,M.A.  Small  4to.  1 2s.  6d. 

Novum  Testamentum  Graece.  Antiquissimorum  Codicum 

Textus  in  ordine  parallelo  dispositi.  Accedit  collatio  Codicis Sinaitici.  Edidit 
E.  H.  Harwell,  S.T.B.  Tomi  III.  1864.  8vo.  24*. 

Novum  Testamentum  Graece.     Accedunt  parallela   S. 


Scripturae  loca,  etc.     Edidit  Carolus  Lloyd,  S.T.P.R.    iSmo. 
On  writing  paper,  with  wide  margin,  IQS. 
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GREEK.  —  Novum  Testamentum  Graecejuxta.  Exemplar  Millia- 

num.     iSmo.    2s.  6d.     On  writing  paper,  with  wide  margin,  ys. 

—  Evangelia  Sacra  Graece.     Fcap.  8vo.  limp,  is.  6d. 

-  The  Greek  Testament,  with  the  Readings  adopted  by 

the  Revisers  of  the  Authorised  Version  :  — 

(1)  Pica  type,  with  Marginal  Reference?.    Demy  8vo.  IDJ.  6d. 

(2)  Long  Primer  type.    Fcap.  Svo.   45.  6d. 

(3)  The  same,  on  writing  paper,  with  wide  margin,  155. 

-  The  Parallel  New  Testament,  Greek  and  English  ;  being 

the  Authorised  Version,  1611  ;  the  Revised  Version,  iSSi  ;  and  the  Greek 
Text  followed  in  the  Revised  Version.  Svo.  1  2s.  6</. 

The  Revised  Version  is  the  joint  property  of  the  Universities  of  Oxford  and  Cambridge. 

-  Canon   Miiratorianus  :    the   earliest   Catalogue   of  the 

Books  of  the  New  Testament.  Edited  with  Notes  and  a  Facsimile  of  the 
MS.  in  the  Ambrosian  Library  at  Milan,  by  S.  P.  Tregelles,  LL.D.  1867. 
4to.  ioj.  6d. 

—  Outlines  of  Textual  Criticism  applied  to  the  New  Testa- 

ment.    By  C.  E.  Hammond,  M.A.  Fourth  Edition.    Extra  fcap.  Svo.  3-y.  6d. 

HEBREW,  etc.  —  Notes  on   the  Hebreiv  Text  of  the  Book  of 

Genesis.  With  Two  Appendices.  By  G.  J.  Spurrell,  M.A.  Crown  Svo. 
los.  (id. 

-  -  The  Psalms  in  Hebreiv  without  points.     1879.     Crown 

8vo.   Price  reduced  to  2s.,  in  stiff  cover. 

-  A   Commentary  on   the  Book  of  Proverbs.     Attributed 

to  Abraham  Ibn  Ezra.  Edited  from  a  MS.  in  the  Bodleian  Library  by 
S.  R.  Driver,  M.A.  Crown  Svo.  paper  covers,  $s.  6d. 

-  The  Book  of  Tobit.     A  dial-dec  Text,  from  a  unique 

MS.  in  the  Bodleian  Library  ;  with  other  Rabbinical  Texts,  English  Transla- 
tions, and  the  Itala.  Edited  by  Ad.  Neubauer,  M.A.  1878.  Crown  Svo.  6s. 

-  Horae  Hebraic  ae  et  Talmudicac^  a  J.  Lightfoot.    A  new 

Edition,  by  R.  Gandcll,  M.A.    4  vols.    1859.  Svo.  I/,  u. 

LATIN.  —  Libri  Psalmorum  Versio  antiqua  Latina,  cum  Para- 

phrasi  Anglo-Saxonica.    Edidit  B.  Thorpe,  F.A.S.     1835.    Svo.  ioj.  6d. 

-  Old-Latin  Biblical  Texts:  No.  I.  The  Gospel  according 

to  St.  Matthew  from  the  St.  Germain  MS.  (g,).  Edited  with  Introduction 
and  Appendices  by  John  Wordsworth,  D.D.  Small  4to.,  stiff  covers,  6s. 

—  Old-Latin  Biblical  Texts  :  No.  II.  Portions  of  the  Gospels 

according  to  St.  Mark  and  St.  Matthew,   from    the    Bobbio   MS.   (k),   &c. 
y  John  Wordsworth,  D.D., 
mall  410.,  stiff  covers,  2is. 
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Edited  by  John  Wordsworth,  D.D.,  W.  Sanday,  M.A.,  D.D.,  and  H.  J.  White, 
M.A.     S 
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LATIN — Old-Latin    Biblical    Texts:    No.  III.      The    Four 

Gospels,  from  the  Munich  MS.  (q),  now  numbered  Lat.  6224  in  the  Royal 
Library  at  Munich.  With  a  Fragment  from  St.  John  in  the  Hof-Bibliothek  at 
Vienna  (Cod.  Lat.  502^.  Edited,  with  the  aid  of  Tischendorfs  transcript 
(under  the  direction  of  the  Bishop  of  Salisbury),  by  H.  J.  White,  M.A.  Small 
4to.  stiff  covers,  1 2s.  6d. 

OLD-FRENCH. — Libri  Psalmorum  Versio  antiqua  Gallica  e 

Cod.  MS.  in  Bibl.  Bodleiana  adservato,  una  cum  Versione  Metrica  aiiisque 
Monumentispervetustis.  Nunc  primum  descripsit  et  edidit  Franciscus  Michel, 
Phil.  Doc.  1860.  8vo.  lo-y.  6d. 


FATHERS  OP  THE  CHURCH,  &c. 

St.  Athanasius:  Historical  Writings,  according  to  the  Bene- 
dictine Text.  With  an  Introduction  by  William  Bright,  D.D.  1881.  Crown 
8vo.  IQS.  6d. 

Orations  against  the  Arians*     With  an  Account  of  his 

Life  by  William  Bright,  D.D.     1873.   Crown  8vo.  9*. 

St. Augustine:  Select  Anti- Pelagian  Treatises,  and  the  Acts 

of  the  Second  Council  of  Orange.    With  an  Introduction  by  William  Bright, 
D.D.     Crown  8vo.  gs. 

Canons  of  the  First  Four  General  Councils  of  Nicaea,  Con- 
stantinople, Ephesus,  and  Chalcedon.  1877.  Crown  8vo.  2s.6d. 

Notes  on  the  Canons  of  the  First  Four  General  Councils. 

By  William  Bright,  D.D.     1882.    Crown  8vo.  5*.  6d. 

Cyrilli  Archiepiscopi  Alexandrini  in  XII  Prophetas.     Edidit 
P.  E.  Pusey,  A.M.    Tomi  II.     1868.  8vo.  cloth,  a/.  25. 

in  D.  Joannis  Evangelium.    Accedunt  Fragmenta  varia 

necnon    Tractatus   ad   Tiberium   Diaconum   duo.      Edidit  post  Aubertum 
P.  E.  Pusey,  A.M.    Tomi  III.     1872.  8vo.  a/.  5*. 

Commentarii   in    Lucae   Evangelium    quae    supersunt 

Syriace.    E  MSS.  apud  Mus.  Britan.  edidit  R.  Payne  Smith,  A.M.     1858. 
410.  i/.  2s. 

Translated  by  R.  Payne  Smith,  M.A.     2  vols.     1859. 

8vo.  14^. 
Ephraemi  Syri,  Rabulae  Episcopi  Edesseni,  Balaei,  aliorum- 

que  Opera  Selecta.   E  Codd.  Syriacis  MSS.  in  Museo  Britannico  et  Bibliotheca 
Bodleiana asservatis  primus  edidit  J.  J.  Overbeck.     1865.  8vo.   i/.  u. 
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Eusebius*   Ecclesiastical  History,  according  to    the  text   of 

Burton,  with  an  Introduction  by  William  Bright,  D.D.     1881.    Crown  8vo. 
Ss.  6d. 

Irenacus :  The  Third  Book  of  St.  Irenacus,  Bishop  of  Lyons, 

against  Heresies.    With  short  Notes  and  a  Glossary  by  H.  Deane,  B.D. 
1874.  Crown  8vo.  5*.  6d. 

Patrum    Apostolicorum,    S.   Clementis    Romani,    S.  Ignatii, 

S.  Polycarpi,  quae  supersunt.      Edidit  Guil.  Jacobson,  S.T.P.R.      Tomi  II. 
Fourth  Edition,  1863.  8vo.   i/.  is. 

Socrates'  Ecclesiastical  History -,  according  to   the   Text   of 

Hussey,  with  an  Introduction  by  William  Bright,  D.D.     1878.    Crown  8 vo. 
7-r.  6d. 


ECCLESIASTICAL  HISTORY,  BIOGRAPHY,  &c. 

Ancient  Liturgy  of  the  Church  of  England,  according  to  the 

uses  of  Sarum,  York,  Hereford,  and  Bangor,  and  the  Roman  Liturgy  arranged 
in  parallel  columns,  with  preface  and  notes.  By  William  Maskell,  M.A. 
Third  Edition.  1882.  8vo.  15*. 

Baedae  Historia  Ecclesiastica.     Edited,  with  English  Notes, 

by  G.  H.  Moberly.M.A.  1881.  Crown  8vo.  icxy.  6d. 

Bright  (W.}.     Chapters  of  Early  English   Church  History. 

1878.    8VO.    I2J. 

Burners  History  of  the  Reformation  of  the  Church  of  England. 

A  new  Edition.  Carefully  revised,  and  the  Records  collated  with  the  originals, 
by  N.  Pocock,  M.A.  7  vols.  1865.  8vo.  Price  reduced  to  i/.  los. 

Councils  and  Ecclesiastical  Documents  relating  to  Great  Britain 

and  Ireland.  Edited,  after  Spelman  and  Wilkins,  by  A.  W.  Haddan,  B.D., 
and  W.Stubbs,  M.A.  Vols.  Land  III.  1869-71.  MediumSvo.  each  \l.  is. 

Vol.  II.  Part  I.  1873.  Medium  8vo.   los.  6d. 

Vol.  II.  Part  II.    1878.   Church  of  Ireland;   Memorials  of  St.  Patrick. 
Stiff  covers,  3*.  6d. 

Hamilton  (John,  Archbishop  of  St.  Andrews],  The  Catechism 

of.  Edited,  with  Introduction  and  Glossary,  by  Thomas  Graves  Law.  With 
a  Preface  by  the  Right  Hon.  W.  E.  Gladstone.  8vo.  1 2 s.  6d. 

Hammond  (C.  E.\    Liturgies,  Eastern  and  Western.    Edited, 

with  Introduction,  Notes,  and  Liturgical  Glossary.   1878.  Crown  Svo.  los.dd. 
An  Appendix  to  the  above.    1879.  Crown  Svo.  paper  covers,  is.  6d. 
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John,  Bishop  of  Ephestts.     The    Third  Part  of  his  Eccle- 
siastical History.     [In  Syriac.]     Now  first  edited  by  William  Cureton,  M.A. 

1853.    4tO.    I/.  I2S. 

Translated  by  R.  Payne  Smith,  M.A.     1860.  8vo.  los. 

Leofric  Missal,   The,  as  used   in   the   Cathedral  of  Exeter 

during  the  Episcopate  of  its  first  Bishop,  A.D.  1050-1072 ;  together  with  some 
Account  of  the  Red  Book  of  Derby,  the  Missal  of  Robert  of  Jumieges,  and  a 
few  other  early  MS.  Service  Books  of  the  English  Church.  Edited,  with  In- 
troduction and  Notes,  by  F.  E.  Warren,  B.D.  4to.  half  morocco,  35^. 

Monumenta  Ritualia  Ecclesiae  Anglicanae.    The  occasional 

Offices  of  the  Church  of  England  according  to  the  old  use  of  Salisbury,  the 
Prymer  in  English,  and  other  prayers  and  forms,  with  dissertations  and  notes. 
By  Wrilliam  Maskell,  M.A.  Second  Edition.  1882.  3  vols.  8vo.  2/.  loj. 

Records  of  the  Reformation.  The  Divorce,  1527-1533.  Mostly 

now  for  the  first  time  printed  from  MSS.  in  the  British  Museum  and  other 
libraries.  Collected  and  arranged  by  N.  Pocock,  M.A.  1870.  2  vols.  8vo. 
i/.idj. 

Shirley  (  W.  W.).   Some  Account  of  the  Church  in  the  Apostolic 

Age.      Second  Edition,  1874.  Fcap.  8vo.  35.60?. 

Stubbs  (  W.).    Registrum  Sacrum  Anglicanum.     An  attempt 

to  exhibit  the  course  of  Episcopal  Succession  in  England.  1858.  Small  4to. 
8s.  6d. 

Warren  (F.  E.}.    Liturgy  and  Ritual  of  the  Celtic  Church. 

1 88 1.  8vo.  14.?. 

ENGLISH    THEOLOGY. 

B  amp  ton  Lectures,  1886.     The  Christian  Platonists  of  Alex- 
andria.   By  Charles  Bigg,  D.D.    8vo.  los.  6d. 

Butler's  Works,  with  an  Index  to  the  Analogy.    2  vols.  1874. 

8vo.  iis. 

Also  separately, 

Sermons,  $s.  6d.  Analogy  of  Religion,  $s.  6d. 

Greswetts  Harmonia  Evangelica.    Fifth  Edition.  8vo.  ys.  6d. 
Heurtley's  Harmonia   Symbolica:    Creeds    of    the   Western 

Church.     1858.    8vo.  6s.  6d. 

Homilies    appointed    to    be    read   in    Churches.     Edited    by 

J.  Griffiths,  M.A.    1859.  8vo.  7*.  6d. 
Hooker  s  Works,  with  his  life  by  Walton,  arranged  by  John 

Keble,  M.A.  Seventh  Edition.  Revised  by  R.  W.  Church,  M.A.,  D.C.L., 
Dean  of  St.  Paul's,  and  F.  Paget,  D.D.  3  vols.  medium  8vo.  36 s. 
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Hooker  s  Works,  the  text  as  arranged  by  John  Keble,  M.A. 

2  vols.  1875.  8vo.   iu. 

Jewets  Works.     Edited  by  R.  W.  Jelf,  D.D.     8  vols.    1848. 

8vo.  i/.  IQS. 

Pearson's  Exposition  of  the  Creed.     Revised  and  corrected  by 

E.  Burton,  D.D.   Sixth  Edition,  1877.  8vo-   Iay-  6</. 

Water  land's  Review  of  the  Doctrine  of  the  Eucharist^  with 

•   a  Preface  by  the  late  Bishop  of  London.    Crown  8vo.  6s.  6d. 

Works,  with  Life,  by  Bp.  Van  Mildert.    A  new  Edition, 

with  copious  Indexes.    6  vols.     1856.    8vo.    2/.  nj. 

Wheattys  Illustration  of  the  Book  of  Common  Prayer.   A  new 

Edition,  1846.  8vo.  $s. 

Wyclif.     A  Catalogue  of  the  Original  Works  of  John  Wyclif, 

by  W.  W.  Shirley,  D.D.     1865.  Svo.  3*.  6d. 

-  Select  English    Works.     By  T.  Arnold,  M.A.   3  vols. 

1869-1871.  Svo.      i/.  is. 

•  Trialogns.    With    the   Supplement    now   first  edited. 

By  Gotthard  Lechler.    1869.   Svo.    *js. 


HISTORICAL   AND   DOCUMENTARY   WORKS. 

British  Barrows,  a  Record  of  the  Examination  of  Sepulchral 

Mounds  in  various  parts  of  England.  By  William  Greenwell,  M.A.,  F.S.A. 
Together  with  Description  of  Figures  of  Skulls,  General  Remarks  on  Pre- 
historic Crania,  and  an  Appendix  by  George  Rolleston,  M.D.,  F.R.S.  1877. 
Medium  Svo.  25^. 

Clarendon  s  History  of    the   Rebellion    and   Civil  Wars    in 

England.    7  vols.    1839.  i8mo.  i/.  is. 

Clarendons   History   of   the  Rebellion    and    Civil   Wars    in 

England.  Also  his  Life,  written  by  himself,  in  which  is  included  a  Con- 
tinuation of  his  History  of  the  Grand  Rebellion.  With  copious  Indexes. 
In  one  volume,  royal  Svo.  1842.  \l.is. 

Clinton  s  Epitome  of  the  Fasti  Hellenici.     1 85 1 .     Svo.   6s.  6d. 

-  Epitome  of  tJic  Fasti  Romani.     1854.     Svo.   JS. 
Corpvs  Poeticvm  Boreale.    The  Poetry  of  the  Old  Northern 

Tongue,  from  the  Earliest  Times  to  the  Thirteenth  Century.  Edited,  clas- 
sified, and  translated,  with  Introduction,  Excursus,  and  Notes,  by  Gudbrand 
Vigfiisson,  M.A.,  and  F.  York  Powell,  M.A.  2  vols.  1883.  Svo.  42 s. 
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Freeman  (E.  A.).  History  of  the  Norman  Conquest  of  Eng- 
land; its  Causes  and  Results.  In  Six  Volumes.  8vo.  5/.  gs.  6d. 

•  The  Reign  of  William  Rufus  and  the  Accession  of 

Henry  the  First.     2  vols.  Svo.  i/.  i6s. 

Gascoigne's     Theological    Dictionary    ("Liber    Veritatum") : 

Selected  Passages,  illustrating  the  condition  of  Church  and  State,  1403-1458. 
With  an  Introduction  by  James  E.  Thorold  Rogers,  M.A.  Small  4to. 
loj.  6d. 

Johnson    (Samuel,   LL.D.},    Boswelts    Life    of;     including 

Boswell's  Journal  of  a  Tour  to  the  Hebrides,  and  Johnson's  Diary  of  a 
Journey  into  North  Wales.  Edited  by  G.  Birkbeck  Hill,  D.C.L.  In  six 
volumes,  medium  Svo.  With  Portraits  and  Facsimiles  of  Handwriting. 
Half  bound,  3/.  3.$-.  (See  p.  21.) 

Magna  Carta,  a  careful  Reprint.    Edited  by  W.  Stubbs,  D.D. 

1879.   4to.  stitched,  u.  ' 

Passio  et  Miracula  Beati  Olaui.  Edited  from  a  Twelfth- 
Century  MS.  in  the  Library  of  Corpus  Christi  College,  Oxford,  with  an 
Introduction  and  Notes,  by  Frederick  Metcalfe,  M.A.  Small  4to.  stiff 
covers,  6s. 

Protests  of  the  Lords,  including  those  which  have  been  ex- 
punged, from  1624  to  1874;  with  Historical  Introductions.  Edited  by  James 
E.  Thorold  Rogers,  M.A.  1875.  3vols.  Svo.  2/.  2s. 

Rogers  (J.  E.  T.).     History  of  Agriculture  and  Prices  in 

England,  A.D.  1259-1793. 

Vols.  I  and  II  (1259-1400).  1866.  Svo.  2/.  25. 

Vols.  Ill  and  IV  (1401-1582).  1882.  Svo.  2/.  ioj. 

Vols.  V  and  VI  (1583-1702).     Svo.  2/.  ioj.     fust  Published. 

The  First  Nine  Years  of  the  Bank  of  England.  Svo.  Ss.  6d. 

Saxon  Chronicles  (Two  of  the]  parallel,  with  Supplementary 

Extracts  from  the  Others.  Edited,  with  Introduction,  Notes,  and  a  Glos- 
sarial  Index,  by  J.  Earle,  M.A.  1865.  Svo.  i6s. 

Stubbs   ( W.,  D.D.\      Seventeen   Lectures    on   the  Study   of 

Medieval  and  Modern  History •,  &c.,  delivered  at  Oxford  1867-1884.  Crown 
Svo.  Ss.  6d. 

Sturlunga  Saga,  including  the  Islendinga  Saga  of  Lawman 

Sturla  Thordsson  and  other  works.  Edited  by  Dr.  Gudbrand  Vigfusson. 
In  2  vols.  1878.  Svo.  2/.  2s. 

York  Plays.     The  Plays  performed  by  the  Crafts  or  Mysteries 

of  York  on  the  day  of  Corpus  Christi  in  the  I4th,  I5th,  and  i6th  centuries. 
Now  first  printed  from  the  unique  MS.  in  the  Library  of  Lord  Ashburnham. 
Edited  with  Introduction  and  Glossary  by  Lucy  Toulmin  Smith.  Svo.  2is. 
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Manuscript  Materials    relating    to   the    History    of  Oxford. 

Arranged  by  F.  Madan,  M.A.     8vo.  ^s.  6d. 

Statutes  made  for  the  University  of  Oxford,  and  for  the  Colleges 

and  Halls  therein,  by  the  University  of  Oxford  Commissioners.     1882.    8vo. 
I2s.  6d. 

Statuta  Universitatis  Oxoniensis.     1887.     8vo.  $s. 

The  Oxford  University  Calendar  for  the  year  1888.     Crown 

8vo.  4-r.  6d. 

The  present  Edition  includes  all  Class  Lists  and  other  University  distinctions 
for  the  eight  years  ending  with  1887. 

Also,  supplementary  to  the  above,  price  5s.  (pp.  606), 

The  Honours  Register  of  the  University  of  Oxford.  A  complete 

Record  of  University  Honours,  Officers,  Distinctions,  and  Class  Lists;  of  the 
Heads  of  Colleges,  &c.,  Sec.,  from  the  Thirteenth  Century  to  1883. 

The  Examination  Statutes  for  the  Degrees  of  B.A.,  B.  Mus., 

B.C.L.,  and  B.M.     Revised  to  the  end  of  Michaelmas  Term,  1887.     8vo. 
sewed,  is. 

The  Student's  Handbook   to   the  University  and  Colleges  of 

Oxford.     Ninth  Edition.     Crown  8vo.     2s.  6d. 


MATHEMATICS,  PHYSICAL  SCIENCE,  &c. 

Acland  (H.  W.,  M.D.,  F.R.S.}.     Synopsis  of  the  Pathological 

Series  in  the  Oxford  Museum.     1867.    8vo.  2s.6d. 

Burdon-Sanderson  (?.,  M.D.,  F.R.SS.  L.  and  £.).  Transla- 
tions of  Foreign  Biological  Memoirs.  I.  Memoirs  on  the  Physiology  of  Nerve, 
of  Muscle,  and  of  the  Electrical  Organ.  Medium  8vo.  2is. 

De  Bary  (Dr.  A.).     Comparative  Anatomy  of  the   Vegetative 

Organs  of  the  Phanerogams  and  Ferns.  Translated  and  Annotated  by  F.  O. 
Bower,  M.A.,  F.L.S.,  and  D.  H.  Scott,  M.A.,  Ph.D.,  F.L.S.  With  241 
woodcuts  and  an  Index.  Royal  8vo.,  half  morocco,  I/.  2s.  6d. 

Goebel  (Dr.  K.\  Outlines  of  Classification  and  Special  Mor- 
phology of  Plants.  A  New  Edition  of  Sachs'  Text-Book  of  Uotany,  Hook  II. 
English  Translation  by  II.  E.  V.  ( J.irnscy,  M.A.  Revised  by  I.  IJayley  Balfour, 
M.A.,  M.D.,  E.R.S.  With  407  Woodcuts.  Royal  8vo.  half  morocco,  2\s. 

Sachs  (Julius  von}.     Lectures  on   the   l^hysiology  of  Plants. 

Translated  by  II.  Marshall  Ward,  M.A.  With  445  Woodcuts.  Royal  8vo. 
half  morocco,  \l.  us.  ()d. 
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De  Bary  (Dr.  A).     Comparative  Morphology  and  Biology  of 

the  Ftingi,  Mycetozoa  and  Bacteria.  Authorised  English  Translation  by 
Henry  E.  F.  Garnsey,  M.A.  Revised  by  Isaac  Bayley  Balfour,  M.A.,  M.D.', 
F.R.S.  With  198  Woodcuts.  Royal  8vo.,  half  morocco,  i/.  is.  6d. 

-  Lecttires  on  Bacteria.  Second  improved  edition.  Au- 
thorised translation  by  H.  E.  F.  Garnsey,  M.A.  Revised  by  Isaac  Bayley 
Balfour,  M.A.,  M.D.,  F.R.S.  With  20  Woodcuts.  Crown  Svo.  6s. 


Annals  of  Botany.     Edited  by  Isaac   Bayley  Balfour,  M.A., 

M.D.,  F.R.S.,  Sydney  H.  Vines,  D.Sc.,  F.R.S.,  and  William  Gilson  Farlow, 
M.D.,  Professor  of  Cryptogamic  Botany  in  Harvard  University,  Cambridge, 
Mass.,  U.S.A.,  and  other  Botanists.  Royal  Svo. 

Vol.  I.  No.  i.     Price  8s.  6d.     Vol.  I.  No.  2.     Price  ?s.  6d. 


Midler  (y.).     On  certain  Variations  in  the  Vocal  Organs  of 

the  Passeres  that  have  hitherto  escaped  notice.  Translated  by  F.  J.  Bell,  B.A., 
and  edited,  with  an  Appendix,  by  A.  H.  Garrod,  M.A.,  F.R.S.  With  Plates. 
1878.  4to.  paper  covers,  7-r.  6d. 

Price  (Bartholomew^  M.A.,  F.R.S.}.     Treatise  on  Infinitesimal 

Calculus. 

Vol.1.  Differential  Calculus.     Second  Edition.    Svo.  i^s.6d. 

Vol.  II.  Integral  Calculus,  Calculus  of  Variations,  and  Differential  Equations. 
Second  Edition,  1865.     Svo.  i8s. 

Vol. III.  Statics,  including  Attractions;   Dynamics  of  a  Material   Particle. 
Second  Edition,  1868.    Svo.  i6s. 

Vol.  IV.  Dynamics  of  Material  Systems;  together  with  a  chapter  on  Theo- 
retical Dynamics,  by  W.  F.  Donkin,  M.A.,  F.R.S.     1862.    Svo.  16.?. 

Pritchard  (£7.,  D.D.,  F.R.S.).     Uranometria  Nova  Oxoniensis. 

A  Photometric  determination  of  the  magnitudes  of  all  Stars  visible  to  the  naked 
eye,  from  the  Pole  to  ten  degrees  south  of  the  Equator.  1885.  Royal  Svo. 
Ss.6ct. 

Astronomical    Observations    made    at    the    University 


Observatory,  Oxford,  under  the  direction  of  C.  Pritchard,  D.D.  No.  i. 
1878.  Royal  Svo.  paper  covers,  3*.  6d. 

Rigaud's  Correspondence  of  Scientific  Men  of  the  ijf/i  Century, 

with  Table  of  Contents  by  A.  de  Morgan,  and  Index  by  the  Rev.  J.  Rigaud, 
M.A.  2  vols.  1841-1862.  Svo.  i8s.  6d. 

Rolleston  (George,  M.D.,  F.R.S.).     Forms  of  Animal  Life. 

A  Manual  of  Comparative  Anatomy,  with  descriptions  of  selected  types. 
Second  Edition.  Revised  and  enlarged  by  W.  Hatchett  Jackson,  M.A. 
Medium,  Svo.  cloth  extra,  i/.  i6s. 

Scientific  Papers  and  Addresses.     Arranged  and  Edited 

by  William  Turner,  M.B.,  F.R.S.  With  a  Biographical  Sketch  by  Edward 
Tylor,  F.R.S.  With  Portrait,  Plates,  and  Woodcuts.  2  vols.  Svo.  i/.  4*. 
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Westwood  (J.  O.,M.A.,F.R.S.).      Thesaurus  Entomologicus 

Hopeiamis,  or  a  Description  of  the  rarest  Insects  in  the  Collection  given  to 
the  University  by  the  Rev.  William  Hope.  \Vitli4oPlates.  1874.  Small 
folio,  half  morocco,  7/.  IQS. 


feacrefc  <Uoofcs  of  t&e  lEast. 

TRANSLATED  BY  VARIOUS  ORIENTAL  SCHOLARS,  AND  EDITED  BY 
F.  MAX  MULLER. 

[Demy  8vo.  cloth.] 
Vol.   I.    The   Upanishads.     Translated  by  F.  Max    Miiller. 

Part  I.  The  A7/andogya-upanishad,  The  Talavakara-upanishad,  The  Aitareya- 
arawyaka,  The  Kauslntaki-brahmawa-upanishad,  and  The  Va^asaneyi-sawhita- 
upanishad.  los.  6d. 

Vol.  II.  The  Sacred  Laws  of  the  Aryas,  as  taught  in   the 

Schools  of  Apastamba,  Gautama,  VasishMa, and  Baudhayana.  Translated  by 
Prof.  Georg  Biihler.  Part  I.  Apastamba  and  Gautama.  IQJ.  6d. 

Vol.  III.  The  Sacred  Books  of  China.  The  Texts  of  Con- 
fucianism. Translated  by  James  Legge.  Part  I.  The  Shu  King,  The  Reli- 
gious portions  of  the  Shih  King,  and  The  Hsiao  King.  1 2s.  6d. 

Vol.  IV.  The  Zend-Avesta.     Translated  by  James  Darme- 

steter.    Parti.    TheVendidad.     los.  6d. 

Vol.  V.  The  Pahlavi   Texts.     Translated   by  E.  W.  West. 

Part  I.  The  Bundahij,  Bahman  Ya^t,  and  Shayast  la-shayast.    I2s.  6d. 

Vols.  VI  and  IX.  The  Qur'an.     Parts  I  and  II.    Translated 

by  E.  H.  Palmer.     2is. 

Vol.  VII.    The  Institutes  of  Vish;m.     Translated   by  Julius 

Jolly.     TOJ.  6d. 

Vol.  VIII.  The  Bhagavadgita,  with  The  Sanatsu^-atiya,  and 

The  Anugita.     Translated  by  kashinath  Trimbak  Telang.     ioj.  6d. 

Vol.  X.  The  Dhammapada,  translated  from  Pali  by  F.  Max 

Miiller;  and  The  Sutta-Nipata,  translated  from  Pali  by  V.  Fausboll;  being 
Canonical  ]3ooks  of  the  Buddhists,  los.  6d. 
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Vol.  XI.  Buddhist  Suttas.     Translated  from   Pali  by  T.  W. 

Rhys  Davids,  i.  The  Mahaparinibbana  Suttanta  ;  2.  The  Dhamma-^akka- 
ppavattana  Sutta  ;  3.  The  Tevi^a  Suttanta;  4.  The  Akankheyya  Sutta ; 
5.  The Aetokhila  Sutta;  6.  The Maha-sudassana Suttanta ;  7.  The Sabbasava 
Sutta.  los.  6d. 

Vol.  XII.  The  vSatapatha-Brahma^a,  according  to  the  Text 

of  the  Madhyandina  School.  Translated  by  Julius  Eggeling.  Part  I. 
Books  I  and  II.  1 2s.  6d. 

Vol.  XIII.  Vinaya   Texts.      Translated    from    the   Pali   by 

T.  W.  Rhys  Davids  and  Hermann  Oldenberg.  Part  I.  The  Patimokkha. 
The  Mahavagga,  I-IV.  los.  6d. 

Vol.  XIV.  The  Sacred  Laws  of  the  Aryas,  as  taught  in  the 

Schools  of  Apastamba,  Gautama,  VasishMa  and  Baudhayana.  Translated 
by  Georg  Biihler.  Part  II.  Vasish//za  and  Baudhayana.  los.  6d. 

Vol.  XV.     The  Upanishads.     Translated  by  F.  Max  Miiller. 

Part  II.  The  Ka//?a-upanishad,  The  Mu;z^aka-upanishad,  The  Taittiriyaka- 
upanishad,  The  B;7hadara;zyaka-upanishad,  The  6Veta.rvatara-upanishad,  The 
Praj;7a-upanishad,  and  The  Maitrayawa-Brahmawa-upanishad.  los.  6d. 

Vol.  XVI.    The   Sacred   Books   of  China.     The   Texts   of 

Confucianism.  Translated  by  James  Legge.  Part  II.  The  Yi  King. 
Jos.  6d. 

Vol.  XVII.   Vinaya  Texts.     Translated   from   the   Pali   by 

T.  W.  Rhys  Davids  and  Hermann  Oldenberg.  Part  II.  The  Mahavagga, 
V-X.  The  Aullavagga,  I-III.  los.  6d. 

Vol.  XVIII.   Pahlavi    Texts.      Translated   by  E.  W.  West. 

Part  II.     The  Da^/istan-i  Dinik  and  The  Epistles  of  Manu^ihar.     I2J.  6d. 

Vol.  XIX.  The  Fo-sho-hing-tsan-king.    A  Life  of  Buddha 

by  A-rvaghosha  Bodhisattva,  translated  from  Sanskrit  into  Chinese  by 
Dharmaraksha,  A.D.  420,  and  from  Chinese  into  English  by  Samuel  Beal. 
los.  6d. 

Vol.  XX.  Vinaya  Texts.    Translated  from  the  Pali  by  T.  W. 

Rhys  Davids  and  Hermann  Oldenberg.  Part  III.  The  A'ullavagga,  IV-XII. 
ioj.  6d. 

Vol.  XXI.     The  Saddharma-pu^arika ;  or,  the  Lotus  of  the 

True  Law.    Translated  by  H.  Kern.     1 2 s.  6d. 

Vol.  XXII.    £aina-Sutras.    Translated  from  Prakrit  by  Her- 
mann Jacobi.     Part  I.     The  AMranga-Sutra.    The  Kalpa-Sutra.    los.  6d. 
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Vol.  XXIII.     The  Zend-Avesta.    Translated  by  James  Dar- 

mesteter.    Part  II.    The  Sirozahs,  Ya-rts,  and  NyayLr.     IO.T.  6d. 

Vol.  XXIV.   Pahlavi   Texts.      Translated    by  E.  W.  West. 

Part    III.     Dina-i    Mainog-i     Khirad,    Sikand-gumanik,    and     Sad-Dar. 
los.  6d. 


Second  Series. 

Vol.  XXV.     Manu.     Translated  by  Georg  Biihler.    21  s. 
Vol.  XXVI.      The   Satapatha-Brahmam.      Translated    by 

Julius  Eggeling.     Part  II.     i2s.6d. 

Vols.  XXVII  and  XXVIII.     The  Sacred  Books  of  China. 

The  Texts  of  Confucianism.  Translated  by  James  Legge.  Parts  III  and  IV. 
The  Li  K\,  or  Collection  of  Treatises  on  the  Rules  of  Propriety,  or  Ceremonial 
Usages.  25^. 

Vols.  XXIX  and  XXX.     The  Gr&ya-Sfltras,  Rules  of  Vedic 

Domestic  Ceremonies.    Translated  by  Hermann  Oldenberg. 

Part  I  (Vol.  XXIX),  12s.  6(t.    Just  Published. 
Part  II  (Vol.  XXX).     In  the  Press. 

Vol.   XXXI.     The    Zend-Avesta.     Part   III.     The   Yasna, 

Visparad,  Afrinagan,  and  Gahs.     Translated  by  L.  H.  Mills.     I2J.  6d. 


The  following  Volumes  are  in  the  Press:— 

Vol.  XXXII.    Vedic  Hymns.    Translated  by  F.  Max  Miiller. 

Part  I. 

Vol.    XXXIII.       Narada,    and    some    Minor     Law-books. 

Translated  by  Julius  Jolly.     [Preparing.'} 

Vol.  XXXIV.     The  Vedanta-Sutras,  with   5arikara's  Com- 
mentary.   Translated  by  G.  Thibaut.    [Preparing^ 

%*  The  Second  Series  will  consist  of  Twenty -Four  Volumes. 
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Clamtiwn  Ifess  Series. 


I.    ENGLISH,  &c. 

A  First  Reading  Book.     By  Marie  Eichens  of  Berlin  ;    and 

edited  by  Anne  J.  Clough.    Extra  fcap.  8vo.   stiff  covers,  4^. 

Oxford  Reading  Book,  Part  I.     For  Little  Children.     Extra 

fcap.  Svo.  stiff  covers,  6d. 

Oxford  Reading  Book,  Part  II.     For  Junior  Classes.     Extra 

fcap.  Svo.    stiff  covers,  6d. 

An  Elementary  English  Grammar  and  Exercise  Book.     By 

O.  W.  Tancock,  M.A.     Second  Edition.     Extra  fcap.  Svo.  \s.  6d. 

An  English  Grammar  and  Reading  Book,  for  Lower  Forms 

in  Classical  Schools.     By  O.  \V.  Tancock,  M.A.    Fourth  Edition.     Extra 
fcap.  Svo.   3-r.  6d. 

Typical  Selections  from  the  best  English  Writers,  with  Intro- 
ductory Notices.  Second  Edition.    In  2  vols.    Extra  fcap.  Svo.  3^.  6d.  each. 
Vol.  I.  Latimer  to  Berkeley.  Vol.  II.  Pope  to  Macaulay. 

Shairp  (J.  C.,  LL.D.).    Aspects  of  Poetry ;   being  Lectures 

delivered  at  Oxford.     Crown  Svo.  los.  6d. 


A  Book  for  the  Beginner  in  Anglo-Saxon.     By  John  Earle, 

M.A.    Third  Edition.     Extra  fcap.  Svo.  2$.  6d. 

An  Anglo-Saxon  Reader.  In  Prose  and  Verse.  With  Gram- 
matical Introduction,  Notes,  and  Glossary.  By  Henry  Sweet,  M.A.  Fourth 
Edition,  Revised  and  Enlarged.  Extra  fcap.  Svo.  Ss.  6d. 

A  Second  Anglo-Saxon  Reader.    By  the  same  Author.  Extra 

fcap.  Svo.     4.?.  6d. 

An  Anglo-Saxon  Primer,  with  Grammar,  Notes,  and  Glossary. 

By  the  same  Author.    Second  Edition.     Extra  fcap.  Svo.  2s.  6d. 

Old  English  Reading  Primers ;  edited  by  Henry  Sweet,  M.A. 

I.  Selected  Homilies  of  ^Elfric.     Extra  fcap.  Svo.,  stiff  covers,  i s.  6J. 

II.  Extracts  from  Alfred's  Orosius.    Extra  fcap.  Svo.,  stiff  covers,  is.  6d. 

First  Middle  English  Primer,  with  Grammar  and  Glossary. 

By  the  same  Author.     Extra  fcap.  Svo.  2s. 

Second  Middle  English  Primer.  Extracts  from  Chaucer, 
with  Grammar  and  Glossary.  By  the  same  Author.  Extra  fcap.  Svo.  zs. 

C 
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Principles  of  English  Etymology.     First  Series.     The  Native 

Element,     By  W.  \V.  Skeat,  Litt.D.     Crown  8vo.  gs. 

The  PJiilology  of  the  English  Tongue.     By  J.  Earle,  M.A. 

Fourth  Edition.     Extra  fcap.  8vo.  1$.  6d. 

An  Icelandic  Primer,  with  Grammar,  Notes,  and  Glossary. 

By  Henry  Sweet,  M.A.     Extra  fcap.  8vo.  3-r   6d. 

An  Icelandic  Prose  Reader,  with  Notes,  Grammar,  and  Glossary. 

By  G.  Vigfusson,  M.A.,  and  F.  York  Powell,  M.A.     Ext.  fcap.  8vo.  los.  6d. 

A  Handbook  of  Phonetics,  including  a  Popular  Exposition  of 

the  Principles  of  Spelling  Reform.  By  H.  Sweet,  M.A.  Ext.  fcap.  8vo.  4^.  6d. 

Elementarbuch    des     Gesprochenen    Englisch.        Grammatik, 

Texte  und  Glossar.  Von  Henry  Sweet.  Second  Edition.  Extra  fcap.  8vo., 
stiff  covers,  2 s.  6d. 

The  Ormulum ;    with  the  Notes  and  Glossary  of  Dr.  R.  M. 

White.    Edited  by  R.  Holt,  M.A.   1878.    2  vols.    Extra  fcap.  8vo.2u. 
Specimens  of  Early  English.     A  New  and  Revised  Edition. 

With  Introduction,  Notes,  and  Glossarial  Index.  By  R.  Morris,  LL.D.,  and 
W.  W.  Skeat,  Litt.D. 

Part  I.  From  Old  English  Homilies  to  King  Horn  (A.D.  1150  to  A.D.  i^oo). 
Second  Edition.     Extra  fcap.  8vo.  qs. 

Part  II.    From  Robert  of  Gloucester  to  Gower  (A.D.  1298  to  A.D.  1393). 
Third  Edition.    Extra  fcap.  8vo.  7-r.  6d. 

Specimens   of  English   Literature,  from    the    '  Ploughmans 

Crede'  to  the  '  Shepheardes  Calender'  (A.D.  1394  to  A.D.  1579).  With  Intro- 
duction, Notes,  and  Glossarial  Index.  By  W.  W.  Skeat,  Litt.D.  Fourth 
Lt..iti  L.  Extra  fcap.  Svo.  7^.6^. 


The  Vision  of  William  concerning  Piers  the  Plowman,  in  three 

Parallel  Texts ;  together  with  Richard  the  Redclcss.  By  William  Langland 
(about  1362-1399  A.D.).  Edited  from  numerous  Manuscripts,  with  Preface, 
Notes,  and  a  Glossary,  by  W.  W.  Skeat,  Litt.D.  2  vols.  Svo.  31*.  6d. 

T/te  Vision  of  William  concerning  Piers   the  Plowman,  by 

William  Langland.  Edited,  with  Notes,  by  W.  W.  Skeat,  Litt.D.  Fourth 
Edition.  Extra  fcap.  8vo.  41.  6d. 

Chaucer.     I.  The  Prologiie    to    the    Canterbury    Tales ;    the 

Knightes  Tale;  The  Nonne  Prestes  Tale.  Edited  by  R.  Morris,  LL.D. 
bixiy  sixth  thousand.  Extra  fcap.  Svo.  2s.  ()d. 

-II.   The   Prioresses    Tale ;    Sir   TJiopas ;    The    Monkcs 

Tale  ;  The  Clerkes  Tale  ;  The  Squicrcs  Talc,  &c.  Edited  by  W.  W.  Skeat, 
Liu  D.  Third  Edition.  Extra  fcap.  Svo.  4^.  6</. 
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Chaucer.    III.  The  Tale  of  the  Man  of  Lawe  ;  The  Pardoneres 

Tale ;  The  Second  Nonnes  Tale  ;  The  Chanouns  Yemannes  Tale.  By  the 
same  Editor.  New  Edition,  Revised.  Extra  fcap.  8vo.  45.  6</. 

Gamelyn,  The  Tale  of.     Edited  with  Notes,  Glossary,  &c.,  by 

W.  W.  Skeat,  Litt.D.    Extra  fcap.  8vo.    Stiff  covers,  is.  bd. 

Minot  (Laurence}.     Poems.      Edited,  with  Introduction  and 

Notes,  by  Joseph  Hall,  M.A.,  Head  Master  of  the  Hulme  Grammar  School, 
Manchester.  Extra  fcap.  8vo.  4-r.  6d. 

Spenser's  Faery  Queene.     Books  I  and  II.     Designed  chiefly 

for  the  use  of  Schools.  With  Introduction  and  Notes  by  G.  W.  Kitchin,  D.D., 
and  Glossary  by  A.  L.  Mayhew,  M.A.  Extra  fcap.  8vo.  2s.  6d.  each. 

Hooker.     Ecclesiastical  Polity^  Book   7.     Edited   by   R.  W. 

Church,  M.A.     Second  Edition.     Extra  fcap.  8vo.  2s. 

OLD  ENGLISH  DRAMA. 
The  Pilgrimage  to  Parnassus  with   The   Two  Parts   of  the 

Return  from  Parnassus.  Three  Comedies  performed  in  St.  John's  College, 
Cambridge,  A.D.  MDXCVII-MDCI.  Edited  from  MSS.  by  the  Rev.  W.  D. 
Macray,  M.A.,  F.S.A.  Medium  8vo.  Bevelled  Boards,  Gilt  top,  8j.  6d. 

Marlowe  and  Greene.     Marlowe's  Tragical  History  of  Dr. 

Faustus,  and  Greene1  s  Honourable  History  of  Friar  Bacon  and  Friar  Bungay . 
Edited  by  A.  W.  Ward,  M.A.  New  and  Enlarged  Edition.  Extra  fcap. 
8vo.  6s.  6eZ. 

Marlowe.     Edward  II.     With  Introduction,  Notes,  &c.     By 

O.  W.  Tancock,  M.A.    Extra  fcap.  8vo.    Paper  covers,  2s.     Cloth  3*. 

SHAKESPEARE. 
Shakespeare.     Select  Plays.     Edited  by  W.  G.  Clark,  M.A., 

and  W.  Aldis  Wright,  M.A.  Extra  fcap.  8vo.  stiff  covers. 
The  Merchant  of  Venice,  is.  Macbeth.  is.6d. 
Richard  the  Second,  u.  6d.  Hamlet,  as. 

Edited  by  W.  Aldis  Wright,  M.A. 

The  Tempest,     is.  6d.  Midsummer  Night's  Dream.   is.6d. 

As  You  Like  It.     is.  6d.  Coriolanus.    vs.  6d. 

Julius  Csesar.     as.  Henry  the  Fifth,    as. 

Richard  the  Third,     as.  6d.  Twelfth  Night,     u.  6d. 

King  Lear.     is.  6d.  King  John.     is.  6d. 

Shakespeare  as  a  Dramatic  Artist;   a  popular  Illustration  of 

the  Principles  of  Scientific  Criticism.  By  R.  G.  Moulton,  M.A.  Crown  Svo.  5*. 
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Bacon.     I.  Advancement  of  Learning.     Edited  by  W.  Aldis 

Wright,  M.A.     Third  Edition.     Extra  fcap.  Svo.  4*-  ^d- 

II.  The  Essays.     With  Introduction   and  Notes.     By 

S.  H.  Reynolds,  M.A.,  late  Fellow  of  Brasenose  College.    In  Preparation. 

Milton.     I.  Areopagitica.    With  Introduction  and  Notes.     By 

John  W.  Hales,  M.A.    Third  Edition.    Extra  fcap.  Svo.  3-r. 

-  II.  Poems.     Edited  by  R.  C.  Browne,  M.A.     2  vols. 

Fifth  Edition.  Extra  fcap.  Svo.  6s.  6d.  Sold  separately,  Vol.  1. 4-r. ;  Vol.  II.  3*. 

In  paper  covers  : — 
Lycidas,  3^.        L'Allegro,  id.        II  Penseroso,  \d.        Comus,  6d. 

-  III.  Paradise  Lost.    Book  I.    Edited  by  H.  C.  Beeching. 

Extra  fcap.  Svo.  stiff  cover,  is.  6d. ;  in  white  Parchment,  3-r.  6d. 

IV.  Samson  Agonistes.     Edited  with  Introduction  and 

Notes  by  John  Churton  Collins.     Extra  fcap.  Svo.  stiff  covers,  is. 

Bunyan.  I.  The  Pilgrim's  Progress,  Grace  Abotmding^  Rela- 
tion of  the  Imprisonment  of  Mr.  John-  Bimyan.  Edited,  with  Biographical 
Introduction  and  Notes,  by  E.  Venables,  M.A.  1879.  Extra  fcap.  Svo.  5J. 
In  ornamental  Parchment,  6s. 

II.   Holy  War,  &*c.     Edited    by    E.   Venables,    M.A. 

In  the  Press. 

Clarendon.     History  of  the  Rebellion.      Book    VI.      Edited 

by  T.  Arnold,  M.A.     Extra  fcap.  Svo.  4?.  6d. 

Dryden.     Select  Poems.     Stanzas   on   the   Death   of  Oliver 

Cromwell;  Astroea  Redux;  Annus  Mirabilis ;  Absalom  and  Achitophel ; 
Religio  Laid  ;  The  Hind  and  the  Panther.  Edited  by  W.  D.  Christie,  M.A. 
Second  Edition.  Extra  fcap.  Svo.  y.  6d. 

Locke's  Conduct  of  the  Understanding.  Edited,  with  Intro- 
duction, Notes,  &c.,  by  T.  Fowler,  D.D.  Second  Edition.  Extra  fcap.  Svo.  2 j. 

Addison.   Selections  from  Paper  sin  the  Spectator.  With  Notes. 

By  T.  Arnold,  M.A.     Extra  fcap.  Svo.  ^s.  6d.     In  ornamental  Parchment,  6s. 

Steele.     Selections  from  the  Tatler,  Spectator,  and  Guardian. 

Edited  by  Austin  Dobson.   Extra  fcap.  Svo.  4^.  6d.    In  white  Parchment,  7-r.  6d. 

Pope.   With  Introduction  and  Notes.   By  Mark  Pattison,  B.D. 

I.    Essay  on  Man.     Extra  fcap.  8vo.  is.  6d. 

II.  Satires  and  Epistles.     Extra  fcap.  8vo.  zs. 
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Parnell.     The  Hermit.     Paper  covers,  id. 

Gray.     Selected  Poems.     Edited  by  Edmund  Gosse.     Extra 

fcap.  Svo.     Stiff  covers,  is.  6d.     In  white  Parchment,  3^. 

-  Elegy  and  Ode  on  Eton  College.     Paper  covers,  id. 
Goldsmith.     Selected  Poems.     Edited,  with  Introduction  and 

Notes,  by  Austin  Dobson.      Extra  fcap.  Svo.  $s.  6d.     In  white  Parchment, 
4-r.  6d. 

-  The  Deserted  Village.     Paper  covers,  id. 

Johnson.     I.  Rasselas ;  Lives  of  Dry  den  and  Pope.     Edited 

by  Alfred  Milnes,  M.A.  (London).     Extra  fcap.  Svo.   4^.  6d.,  or  Lives  of 
Dryden  and  Pope  only,  stiff  covers,  is.  6d. 

II.  Rasselas.     Edited,  with  Introduction  and  Notes,  by 

G.  Birkbeck  Hill,  D.C.L.    Extra  fcap.  Svo.    Bevelled  boards,  $s.  6d.    In  white 
Parchment,  4-r.  6d. 

-  III.    Vanity  of  Human  Wishes.    With  Notes,  by  E.  J. 

Payne,  M.A.    Paper  covers,  ^d. 

—  IV.  Life  of  Milton.     By  C.  H.  Firth,  M.A.     Preparing. 
V.    Wit  and  Wisdom  of  Samuel  Johnson.     Edited  by 


G.  Birkbeck  Hill,  D.C.L.     Crown  Svo.   fs.  6d. 

-  VI.  Boswells  Life  of  Johnson.     With  the  Journal  of  a 

Tour  to  the  Hebrides.  Edited,  with  copious  Notes,  Appendices,  and  Index,  by 
G.  Birkbeck  Hill,  D.C.L.,  Pembroke  College.  With  Portraits  and  Facsimiles. 
6  vols.  Medium  Svo.  Half  bound,  3/.  3^. 

Cowper.     Edited,  with   Life,   Introductions,  and   Notes,  by 

H.  T.  Griffith,  B.A. 

I.  The  Didactic  Poems  of  1782,  with  Selections  from  the 


Minor  Pieces,  A.D.  1779-1783.     Extra  fcap.  Svo.  3.?. 

II.   The  Task,  with  Tirocinium,  and  Selections  from  the 

Minor  Poems,  A.D.  1784-1799.    Second  Edition.     Extra  fcap.  Svo.  3*. 

Burke.     Select  Works.     Edited,  with  Introduction  and  Notes, 

by  E.  J.  Payne,  M.A. 

I.   Thoughts  on  the  Present  Discontents  ;  the  two  Speeches 

on  America.    Second  Edition.     Extra  fcap.  Svo.  <\s.  6d. 

•  II.  Reflections  on  the  French  Revolution.    Second  Edition. 

Extra  fcap.  Svo.  $s. 

HI.  Four  Letters  on  the  Proposals  for  Peace  with  the 

Regicide  Directory  of  France.    Second  Edition.    Extra  fcap.  Svo.  5*. 
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Keats.   Hyperion,  Book  I.   With  Notes  by  W.  T.Arnold,  B.  A. 

Paper  covers,  ^d. 

Byron.     CJiilde  Harold.    Edited,  with  Introduction  and  Notes, 

by  H.  F.  Tozer,  M.A.    Extra  fcap.  8vo.    3^.  6d.     In  white  Parchment,  5*. 

Scott.     Lay  of  the  Last  Minstrel.     Edited  with  Preface  and 

Notes  by  W.  Minto,  M.A.     With  Map.     Extra  fcap.  8vo.     Stiff"  covers,  is. 
Ornamental  Parchment,  31.  6^/. 

Lay  of  the  Last  Minstrel.     Introduction  and  Canto  I, 


with  Preface  and  Notes,  by  the  same  Editor.     6d. 


II.    LATIN. 

Rudimenta  Latina.     Comprising  Accidence,  and  Exercises  of 

a  very  Elementary  Character,  for  the  use  of  Beginners.     By  John  Barrow 
Allen,  M.A.     Extra  fcap.  8vo.  2s. 

An   Elementary  Latin   Grammar.      By   the    same  Author. 

Fifty- Seventh  Thousand.     Extra  fcap.  8vo.  2s.6d. 

A  First  Latin  Exercise  Book.     By  the  same  Author.     Fourth 

Edition.    Extra  fcap.  8vo.  25.  6d. 

A  Second  Latin  Exercise  Book.    By  the  same  Author.    Extra 

fcap.  8vo.   3J.  6d. 

Reddenda  Minor  a^  or  Easy  Passages,  Latin  and  Greek,  for 

Unseen  Translation.     For  the  use  of  Lower  Forms.     Composed  and  selected 
by  C.  S.  Jerram,  M.A.    Extra  fcap.  8vo.  i j.  6d. 

Anglice     Reddenda,    or    Extracts,    Latin    and     Greek,    for 

Unseen  Translation.     By  C.  S.  Jerram,  M.A.    Third  Edition,  Revised  and 
Enlarged.     Extra  fcap.  8vo.  2s.  6d. 

Anglice   Reddenda.     Second  Series.     By  the   same   Author. 

Extra  fcap.  8vo.     3^. 

Passages  for  Translation  into  Latin.     For  the  use  of  Passmen 

and  others.    Selected  by  J.  Y.  Sargent,  M.A.    Seventh  Edition.    Extra  fcap. 
8vo.  2s.  6J. 

Exercises  in   Latin  Prose  Composition ;    with   Introduction, 

Notes,  and  Passages  of  Graduated  Difficulty  for  Translation  into  Latin.     By 
G.  G.  Ramsay,   M.A.,  LL.D.     Second  Edition.     Extra  fcap.  8vo.  4^.  6d. 

Hints  and  Helps  for  Latin  Elegiacs.    By  H.  Lee- Warner,  M.A. 

Extra  fcap.  8vo.  3^.  6d. 

First  Latin  Reader.     By  T.  J.  Nunns,  M.A.     Third  Edition. 

Extra  fcap.  8vo.  2s. 
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Caesar.     The  Commentaries  (for  Schools).     With  Notes  and 

Maps.    By  Charles  E.  Moberly,  M.A. 

Part  I.  The  Gallic  War.    Second  Edition.    Extra  fcap.  8vo.  4*.  6d. 

Part  II.   The  Civil  War.    Extra  fcap.  8vo.  35.  6d. 

The  Civil  War.    Book  I.    Second  Edition.     Extra  fcap.  8vo.  2s. 

Cicero.      Speeches  against  Catilina.     By  E.  A.  Upcott,  M.A., 

Assistant  Master  in  Wellington  College.     In  one  or  two  Parts.     Extra  fcap. 
8vo.   2s.  6d. 

Cicero.    Selection  of  interesting  and  descriptive  passages.   With 

Notes.     By  Henry  Walford,  M.A.    In  three  Parts.     Extra  fcap.  8vo.4J.  6d. 

Each  Part  separately,  limp,  is.  6d. 

Part  I.      Anecdotes  from  Grecian  and  Roman  History.    Third  Edition. 
Part  II.    Omens  and  Dreams:  Beauties  of  Nature.     Third  Edition. 
Part  III.  Rome's  Rule  of  her  Provinces.    Third  Edition. 

Cicero.     De  Senectute.     Edited,  with  Introduction  and  Notes, 

by  L.  Huxley,  M.A.     In  one  or  two  Parts.     Extra  fcap.  8vo.  2s. 

Cicero.     Selected  Letters  (for  Schools).     With  Notes.     By  the 

late  C.  E.  Prichard,   M.A.,  and   E.  R.    Bernard,    M.A.      Second   Edition. 
Extra  fcap.  Svo.  3^. 

Cicero.     Select   Orations   (for   Schools).     In  Verrem   I.     De 

Imperio  Gn.  Pompeii.    Pro  Archia.    Philippica  IX.    With  Introduction  and 
Notes  by  J.  R.  King,  M.A.     Second  Edition.    Extra  fcap.  Svo.  2s.  6ct. 

Cicero.     In  Q.  Caecilium  Divinatio,  and  In  C.  Verrem  Actio 

Prima.     With  Introduction  and  Notes,  by  J.  R.  King,  M.A.     Extra  fcap.  Svo. 
limp,  i.y.  6d. 

Cicero.     Speeches  against  Catilina.      With   Introduction   and 

Notes,  by  E.   A.  Upcott,  M.A.      In  one  or  two  Parts.      Extra  fcap.  Svo. 

2S.  6<t. 

Cornelius  Nepos.    With  Notes.     By  Oscar  Browning,  M.A. 

Second  Edition.    Extra  fcap.  Svo.  2s.  6d. 

Horace.     Selected  Odes.     With  Notes  for  the  use  of  a  Fifth 

Form.    By  E.  C.  Wickham,  M.A.    In  one  or  two  Parts.    Extra  fcap.  Svo. 
cloth,  2s. 

Livy.     Selections  (for  Schools).     With  Notes  and  Maps.     By 

H.  Lee- Warner,  M.A.     Extra  fcap.  Svo.    In  Parts, limp,  each  is.  6d. 
Part  I.  The  Caudine  Disaster.    Part  II.  Hannibal's  Campaign 
in  Italy.     Part  III.  The  Macedonian  War. 

Livy.     Books  V-VII.     With    Introduction   and   Notes.     By 

A.  R.  Cluer,  B.A.      Second  Edition.      Revised  by  P.  E.  Matheson,  M.A. 
(In  one  or  two  Parts.)     Extra  fcap.  Svo.     &s. 

Livy.     Books  XXI,  XXII,  and  XXIII.     With  Introduction 

and  Notes.    By  M.  T.  Tatham,  M.A.    Extra  fcap.  Svo.  4*.  6d. 
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Ovid.     Selections  for  the  use  of  Schools.    With  Introductions 

and  Notes,  and  an  Appendix  on  the  Roman  Calendar.    By  W.  Ramsay,  M.A. 
Edited  by  G.  G.  Ramsay,  M.A.     Third  Edition.     Extra  fcap.  Svo.  $s.  6d. 

Ovid.  Tristia.  Book  I.  The  Text  revised,  with  an  Intro- 
duction and  Notes.  By  S.  G.  Owen,  B.A.  Extra  fcap.  Svo.  $s.  6d. 

Plautns.     Captivi.     Edited  by  W.  M.  Lindsay,  M.A.     Extra 

fcap.  Svo.     (In  one  or  two  Parts.)  2s.  6d. 

Plautus.     The  Trimnnmns.    With  Notes  and  Introductions. 

(Intended  for  the  Higher  Forms  of  Public  Schools.)    By  C.  E.  Freeman,  M.A., 
and  A.  Sloman,  M.A.     Extra  fcap.  Svo.  3-r. 

Pliny.     Selected  Letters  (tor  Schools).    With  Notes.     By  the 

late  C.  E.  Prichard,  M.A.,  and  E.  R.  Bernard,  M.A.    Extra  fcap.  Svo.  3*. 

Sallust.     With  Introduction  and  Notes.     By  W.  W.  Capes, 

M.A.    Extra  fcap.  Svo.    4*.  6d. 

Tacitus.  The  Annals.  Books  I-IV.  Edited,  with  Introduc- 
tion and  Notes  (for  the  use  of  Schools  and  Junior  Students),  by  H.  Furneaux, 
M.A.  Extra  fcap.  Svo.  $s. 

Tacitus.     The  Annals.   Book  I.    With  Introduction  and  Notes, 

by  the  same  Editor.     Extra  fcap.  Svo.  limp,  2s. 

Terence.     Andria.     With  Notes  and  Introductions.     By  C. 

E.  Freeman,  M.A.,  and  A.  Sloman,  M.A.     Extra  fcap.  Svo.  3-r. 

-  Adelphi.     With  Notes  and  Introductions.    (Intended  for 

the  Higher  Forms  of  Public  Schools.)     By  A.  Sloman,  M.A.     Extra  fcap. 
Svo.  3-r. 

-  Phormio.      With    Notes    and    Introductions.      By   A. 

Sloman,  M.A.     Extra  fcap.  Svo.  3*. 

Tibullus  and  Proper tius .    Selections.    Edited  by  G.  G.  Ramsay, 

M.A.     Extra  fcap.  Svo.    (In  one  or  two  vols.)  6s. 

Virgil.     With  Introduction  and  Notes.     By  T.  L.  Papillon, 

M.A.    Two  vols.  Crown  Svo.  IQJ.  6d.    The  Text  separately,  45.  6d. 

Virgil.     Bucolics.     Edited  by  C.  S.  Jerram,  M.A.      In  one 

or  two  Parts.     Extra  fcap.  Svo.  2s.  6d. 

Virgil.     Aeneid  I.      With  Introduction  and  Notes,  by  C.  S. 

Jerram,  M.A.     Extra  fcap.  Svo.  limp,  is.  6d. 

Virgil.     Aeneid  IX.     Edited,  with  Introduction  and  Notes, 

by  A.  K.   Hnigh,  M.A.,  late   Fellow  of  Hertford  College,   Oxford.     Extra 
fcap.  Svo.  limp,  is.  6d.     In  two  Parts,  2s. 


CLARENDON  PRESS,  OXFORD.  25 

Avianus,  The  Fables  of.     Edited,  with  Prolegomena,  Critical 

Apparatus,  Commentary,  etc.     By  Robinson  Ellis,  M.A.,  LL.D.     Demy  8vo. 
8s.  6d. 

Catulh  Veronensis  Liber.     Iterum  recognovit,  apparatum  cri- 

ticum  prolegomena  appendices  addidit,  Robinson  Ellis,  A.M.     1878.    Demy 

A  Commentary  on  Catullus.     By  Robinson  Ellis,  M.A. 

1876.  Demy  8vo.  i6j. 

Catulli  Veronensis  Carmina  Selecta,  secundum  recognitionem 

Robinson  Ellis,  A.M.    Extra  fcap.  8vo.  3^.  6d. 

Cicero  de  Oratore.     With  Introduction  and  Notes.    By  A.  S. 
Wilkins,  M.A, 

Book  I.  1879.  8vo.  6s.        Book  II.  1881.  8vo.  5^. 

-  Philippic  Orations.     With  Notes.     By  J.  R.  King,  M.A. 

Second  Edition.     1879.     8vo.  IO.T.  6d. 

Cicero.     Select  Letters.     With  English  Introductions,  Notes, 

and  Appendices.     By  Albert  Watson,  M.A.    Third  Edition.    Demy  8vo.  i8s. 

-  Select  Letters.     Text.     By  the  same  Editor.     Second 

Edition.     Extra  fcap.  8vo.  4^. 

-  pro  Cluentio.     With  Introduction   and   Notes.     By  W. 

Ramsay,  M.A.  Edited  by  G.  G.  Ramsay,  M.A.  and  Ed.  Ext.  fcap.  8vo.  3-r.  6d. 

Horace.  With  a  Commentary.  Volume  I.   The  Odes,  Carmen 

Seculare,  and  Epodes.      By  Edward  C.  Wickham,  M.A.     Second  Edition. 

1877.  Demy  8vo.   \2s. 

A  reprint  of  the  above,  in  a  size  suitable  for  the  use 

of  Schools.     In  one  or  two  Parts.     Extra  fcap.  8vo.  6s. 

Livy,  Book  I.     With   Introduction,  Historical  Examination, 
and  Notes.     By  J.  R.  Seeley,  M.A.    Second  Edition.     1881.    8vo.  6s. 

Ovid.     P.  Ovidii  Nasonis  Ibis*     Ex  Novis  Codicibus  edidit, 

Scholia  Vetera  Commentarium  cum  Prolegomenis  Appendice  Indice  addidit, 
R.Ellis,  A.M.     8vo.  IQS.  6d. 

Persius.     The  Satires.   With  a  Translation  and  Commentary. 

By  John  Conington,  M.A.      Edited  by  Henry  Nettleship,  M.A.     Second 
Edition.     1874.     8vo.  Js.  6d. 

Juvenal.     XIII  Satires.      Edited,   with    Introduction    and 

Notes,  by  C.  H.  Pearson,  M.A.,  and  Herbert  A.  Strong,  M.A.,  LL.D.,  Professor 
of  Latin  in  Liverpool  University  College,  Victoria  University.     In  two  Parts. 
Crown  8vo.     Complete,  6s. 
Also  separately,  Part  I.  Introduction,  Text,  etc.,  3*.        Part  II.  Notes,  3^.  6d. 

Tacitus.     The  Annals.     Books  I- VI.     Edited,  with    Intro- 
duction and  Notes,  by  H.  Furneaux,  M.A.    8vo.  i8s. 
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Nettle  ship  (//.,  M.A.).  Lectures  and  Essays  on  Subjects  con- 
nected with  Latin  Scholarship  and  Literature.  Crown  Svo.  7-y.  6d. 

-  The  Roman  Satura.     8vo.  sewed,  is. 

Ancient  Lives  of  Vergil.     8vo.  sewed,  2s. 

Papillon  ( T.  L.,  M.A.).     A  Manual  of  Comparative  Philology. 

Third  Edition,  Revised  and  Corrected.     1882.  Crown  Svo.  6s. 

Finder  (North,  M.A.}.     Selections  from  the  less  known  Latin 

Poets.     i86y.     Svo.  15^. 

Sellar  (  W.  F.,  M.A.).     Roman  Poets  of  the  Augustan  Age. 

VIRGIL.     New  Edition.    1883.   Crown  Svo.  QS. 

Roman  Poets  of  the  Republic.     New  Edition,  Revised 

and  Enlarged.     1881.     Svo.  14^. 

Wordsworth  (y.,  M.A.}.     Fragments  and  Specimens  of  Early 

Latin.     With  Introductions  and  Notes.    1874.     Svo.   iSs. 

III.    GREEK. 

A  Greek  Primer,  for  the  use  of  beginners  in  that  Language. 

By  Charles  Wordsworth,  D.C.L.  Seventh  Edition.   Extra  fcap.  Svo.  is.  6d. 

A  Greek  Testament  Primer.  An  Easy  Grammar  and  Read- 
ing Book  for  the  use  of  Students  beginning  Greek.  By  the  Rev.  E.  Miller, 
M.A.  Extra  fcap.  Svo.  y.  6d. 

Easy  Greek  Reader.     By  Evelyn  Abbott,  M.A.     In  one  or 

two  Parts.     Extra  fcap.  Svo.  3^. 

Graecae  Grammaticae  Rudimenta  in  ustim  Scholarum.     Auc- 

tore  Carolo  Wordsworth,  D.C.L.     Nineteenth  Edition,  1882.     ismo.  ^s. 

A  Greek-English  Lexicon^  abridged  from  Liddell  and  Scott's 

4to.  edition,  chiefly  for  the  use  of  Schools.    Twenty-first  Edition.     1886. 
Square  i2mo.  "js.  6d. 

Greek  Verbs,  Irregular  and  Defective.    By  W.  Veitch.    Fourth 

Ivlition.     Crown  Svo.   ids.  6d. 

The  /Elements  of  Greek  Accentuation  (for  Schools)  :    abridged 

frotn  his  larger  work  by  II.  W.  Chandler,  M.A.    Extra  fcap.  Svo.  is.bd. 

A  SERIES  OF  GRADUATED  GREEK  READERS:— 

First  Greek  Reader.    By  W.  G.  Rushbrooke,  M.L.     Second 

•  ion.    Extra  fcap.  Svo.  2s.  6</. 

Second  Greek  Reader.     By  A.  M.  Bell,  M.A.     Extra  fcap. 
8vo.  3-r.  6d. 
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Fourth  Greek  Reader ;  being  Specimens  of  Greek  Z>£ith  a 

\Yith  Introductions,  etc.    By  W.  W.  Merry,  D.D.    Extra  fcap.  Svo.'erram, 

Fifth   Greek  Reader.      Selections   from    Greek    Epic 

Dramatic  Poetry,  with  Introductions  and  Notes.    By  Evelyn  Abbott,  .  By 
Extra  fcap.  8vo.  4^.  6d. 

The  Golden  Treasury  of  Ancient  Greek  Poetry:  being  a  C-es 

lection  of  the  finest  passages  in  the  Greek  Classic  Poets,  with  Introducto^ 
Notices  and  Notes.    By  R!  S.  Wright,  M.A.    Extra  fcap.  8vo.  Ss.  6d. 

A  Golden  Treasury  oj -Greek  Prose,  being  a  Collection  of  th,. 

finest  passages  in  the  principal  Greek  Prose  Writers,  with  Introductory  Not 
and  Notes.    By  R.  S.  Wright,  M.A.,  and  J.  E.  L.  Shadwell,  M.A.    Extra 

8vo.  ^s.  6a.  and 

Aeschylus.    Prometheus  Bound  (for  Schools).     With  Intro 

tion  and  Notes,  by  A.  O.  Prickard,  M.A.  Second  Edition.  Extra  fcap.  8' 

Agamemnon.     With  Introduction  and  Notes,  by  A 

Sidgwick,  M.A.     Third  Edition.     In  one  or  two  parts.    Extra  fcap.  8\ 

-  Choephoroi.    With  Introduction  and  Notes  by  the  'otes- 

Editor.    Extra  fcap.  8vo.   3*. 

Eumenides.     With  Introduction  and  Notes,  by  the  same 

Editor.     In  one  or  two  Parts.     Extra  fcap.  8vo.  3^. 

Aristophanes.     In  Single  Plays.     Edited,  with  English  Notes, 

Introductions,  &c.,  by  W.  W.  Merry,  D.D.     Extra  fcap.  8vo. 
I.  The  Clouds,  Second  Edition,  2s. 
II.  The  Acharnians,  Third  Edition.     In  one  or  two  parts,  $s. 

III.  The  Frogs,  Second  Edition.     In  one  or  two  parts,  3^. 

IV.  The  Knights.     In  one  or  two  parts,  3^. 

Cebes.     Tabula.     With   Introduction   and   Notes.     By  C.   S. 

Jerram,  M.A.    Extra  fcap.  8vo.  is.  6d. 

Demosthenes.      Orations  against  Philip.      With  Introduction 

and  Notes,  by  Evelyn  Abbott,  M.A.,  and  P.  E.  Matheson,  M.A.      Vol.  I. 
Philippic  I.     Olynthiacs  I-III.     In  one  or  two  Parts.     Extra  fcap.  8vo.  %s. 

Euripides.    Alcestis  (for  Schools).    By  C.  S.  Jerram,  M.A. 

Extra  fcap.  8vo.  2s.  6d. 

Helena.      Edited,    with    Introduction,   Notes,  etc.,    for 

Upper  and  Middle  Forms.     By  C.  S.  Jerram,  M.A.    Extra  fcap.  8vo.  3^. 

-  Iphigenia  in  Tauris.     Edited,  with  Introduction,  Notes, 

etc.,  for  Upper  and  Middle  Forms.     By  C.  S.  Jerram,  M.A.    Extra  fcap.  8vo. 
cloth,  3-s1. 

Medea.     By  C.  B.  Heberden,  M.A.     In  one  or  two  Parts. 

Extra  fcap.  8vo.  2s. 


28 


CLARENDON  PRESS,  OXFORD. 


Herot  'otus,  Book  IX.     Edited,  with  Notes,  by  Evelyn  Abbott, 

Mi  A.     In  one  or  two  Parts.     Extra  fcap.  8vo.  3-r. 

HerjdotuS)  Selections  from.    Edited,  with  Introduction,  Notes, 

Ind  a  Map,  by  W.  \V.  Merry,  D.D.     Extra  fcap.  Svo.  2s.  6d. 

Holier.     Odyssey,   Books   I-XII   (for  Schools).     By  W.  W. 

/Merry,   D.D.     Fortieth   Thousand.     (In   one   or  two   Parts.)     Extra  fcap. 
Svo.  S.T. 

Books  I,  and  II,  separately,  each  is.  6d. 

Odyssey,  Books   XIII-XXIV   (for    Schools).     By   the 

.same  Editor.    Second  Edition.    Extra  fcap.  Svo.  5^. 

\  Iliad,   Book  I  (for  Schools).     By  D.  B.  Monro,  M.A. 

Second  Edition.     Extra  fcap.  Svo.  2s. 

< \  Iliad,  Books  I-XII  (for  Schools).  With  an  Introduction, 

brief  Homeric  Grammar,   and  Notes.     By  D.  B.  Monro,  M.A.     Second 
lition.     Extra  fcap.  Svo.  6s. 

Iliad,  Books  VI   and   XXI.      With    Introduction    and 
N^tes.  By  Herbert  Hailstone,  M.A.    Extra  fcap.  Svo.  is.  6ct.  each. 

L-ncian.      Vera   Historia  (for   Schools).     By   C.   S.  Jerram, 

M.A.    Second  Edition.    Extra  fcap.  Svo.  is.  6d. 

Lysias.     Epitaphios.     Edited,  with  Introduction  and  Notes. 

by  F.  J.  Snell,  B.A.     (In  one  or  two  Parts.)     Extra  fcap.  Svo.  2s. 

Plato.   Meno.     With  Introduction  and  Notes.     By  St.  George 

Stock,  M.A.,  Pembroke  College.     (In  one  or  two  Parts.)      Extra  fcap.  Svo. 
2s.  6d. 

Plato.     The  Apology.     With    Introduction    and    Notes.     By 

St.  George  Stock,  M.A.     (In  one  or  two  Parts.)     Extra  fcap.  Svo.  is.  6d. 

Sophocles.     For   the   use   of  Schools.      Edited   with    Intro- 
ductions and  English  Notes     By  Lewis  Campbell,  M.A.,  and  Evelyn  Abbott, 
M.A.     New  and  Revised  Edition.     2  Vols.     Extra  fcap.  Svo.     los.  6d. 
Sold  separately,  Vol.  I,  Text,  4^.  did. ;  Vol.  II,  Explanatory  Notes,  6s. 

Sophocles.     In    Single  Plays,  with  English   Notes,  &c.     By 

Lewis  Campbell,  M.A.,  and  Evelyn  Abbott,  M.A.    Extra  fcap.  Svo.  limp. 
Oedipus  Tyrannus,    Philoctetes.   New  and  Revised  Edition,  2s.  each. 
Oedipus  Coloneus,          Antigone,   is.  yd.  each. 
Ajax,        Electra,        Trachiniae,  2s.  each. 

Oedipus   Rex:    Dindorfs    Text,    with    Notes    by    the 

present  Bishop  of  St.  David's.    Extra  fcap.  Svo.  limp,  is.  6d. 

Theocritus  (for   Schools).     With   Notes.     By  H.  Kynaston, 

D.D.  (late  Snow).    Third  Edition.    Extra  lean.  Svo.  AS.  6d. 
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Xenophon.     Easy  Selections  (for  Junior   Classes).     With  a 

Vocabulary,  Notes,  and  Map.     By  J.  S.  Phillpotts,  B.C. L.,  and  C.  S.  Jerram, 
M.A.     Third  Edition.    Extra  fcap.  Svo.  %s.  6d. 

Xenophon.  Selections  (for  Schools).  With  Notes  and  Maps.  By 

J.  S.  Phillpotts,  B.C.L.    Fourth  Edition.    Extra  fcap.  Svo.  3^.  6d. 

•  Anabasis,  Book  I.     Edited  for  the  use  of  Junior  Classes 

and  Private  Students.   With  Introduction,  Notes,  etc.    By  J.  Marshall,  M.A., 
Rector  of  the  Royal  High  School,  Edinburgh.     Extra  fcap.  Svo.  2s.  6d. 

-  Anabasis,  Book  II.     With  Notes  and  Map.     By  C.  S. 

Jerram,  M.A.    Extra  fcap.  Svo.   2s. 

Cyropaedia,  Books  IV  and  V.     With  Introduction  and 

Notes  by  C.  Bigg,  D.D.     Extra  fcap.  Svo.  2s.  6d. 


Aristotle's  Politics.  With  an  Introduction,  Essays,  and  Notes. 

By   W.  L.   Newman,   M.A.,  Fellow   of  Balliol   College.     Vols.  I   and   II. 
Medium  Svo.  zSs.    Just  Published. 

Aristotelian  Studies.     I.  On   the   Structure  of  the   Seventh 

Book  of  the  Nicomachean  Ethics.  By  J.  C.  Wilson,  M.A.    Svo.  stiff,  $s. 

Aristotelis   Ethic  a  Nicomachea,   ex    recensione   Immanuelis 

Bekkeri.    Crown  Svo.  5^. 

Demosthenes  and  Aeschines.     The  Orations  of  Demosthenes 

and  .^schines  on  the  Crown.     With   Introductory  Essays  and  Notes.    By 
G.  A.  Simcox,  M.A.,  and  W.  H.Simcox,  M.A.    1872.  Svo.  i2s. 

He  ad  (Bar clay  V.}.    Historia  Numorum :  A  Manual  of  Greek 

Numismatics.     Royal  Svo.  half-bound.     2/.  2s. 

Hicks  (E.  L.,M.A.).    A  Manual  of  Greek  Historical  Inscrip- 
tions.   Demy  Svo.  los.  6d. 

Homer.     Odyssey p,  Books  I-XII.    Edited  with  English  Notes, 

Appendices,  etc.    By  W.  W.  Merry,  D.D.,  and  the  late  James  Riddell,  M.A. 
1886.    Second  Edition.     Demy  Svo.  i6s. 

Homer.  A  Grammar  of  the  Homeric  Dialect.   By  D.  B.  Monro, 

M.A.     Demy  Svo.  los.  6d. 

Sophocles.     The  Plays  and  Fragments.     With  English  Notes 

and  Introductions,  by  Lewis  Campbell,  M.A.    2  vols. 

Vol.1.    Oedipus  Tyrannus.    Oedipus  Coloneus.    Antigone.    Svo.  i6s. 
Vol.  II.  Ajax.   Electra.  Trachiniae.  Philoctetes.  Fragments.    Svo.  i6f. 
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IV.   FRENCH  AND   ITALIAN. 

Bracket's  Etymological  Dictionary  of  the  Frencli  Language. 

Translated  by  G.  W.  Kitchin,  D.D.    Third  Edition.     Crown  8vo.  7*.  6d. 

Historical  Grammar  of  the  French  Langtiage.     Trans- 
lated by  G.  W.  Kitchin,  D.D.     Fourth  Edition.    Extra fcap.  8vo.  3*.  6d. 

"Works  by  GEOKGE  SAINTSBURY,  M.A. 

Primer  of  French  Literature.     Extra  fcap.  8vo.  2s. 
Short  History  of  French  Literature.     Crown  8 vo.  ios.6d. 
Specimens  of  French  Literature^  from  Villon  to  Hugo.    Crown 

8vo.  9-y. 

MASTERPIECES  OF  THE  FRENCH  DRAMA. 
Corneille's  Horace.     Edited,  with  Introduction  and  Notes,  by 

George  Saintsbury,  M.A.     Extra  fcap.  8vo.  2s.  6d. 

Moliere's  Les  Precietises  Ridicules.     Edited,  with  Introduction 

and  Notes,  by  Andrew  Lang,  M.A.     Extra  fcap.  8vo.  is.  6d. 

Racine's  Esther.     Edited,  with  Introduction  and  Notes,  by 

George  Saintsbury,  M.A.     Extra  fcap.  8vo.  2s. 

Beaumarchais'  LeBarbier  de  Seville.   Edited,  with  Introduction 

and  Notes,  by  Austin  Dobson.    Extra  fcap.  8vo.  2s.  6d. 

Voltaire's  Mdrope.     Edited,  with  Introduction  and  Notes,  by 

George  Saintsbury.     Extra  fcap.  Svo.  cloth,  2s. 

Mussefs  On  ne  badine  pas  avec  V Amour,  and  Fantasio.  Edited, 

with   Prolegomena,  Notes,  etc.,  by  Walter   Herries   Pollock.    Extra  fcap. 
Svo.  2s. 

The  above  six  Plays  may  be  had  in  ornamental  case,  and  bound 
in  Imitation  Parchment,  price  1 2s.  6d. 


Perraults  Popular  Tales.     Edited  from  the  Original  Editions, 

with  Introduction,  etc.,  by  Andrew  Lang,  M.A.      Small  4to.   Hand-made 
paper,  vellum  back,  gilt  top,  I5J. 

Sainte-Beuve.    Selections  from  tJie  Causeries  du  Lundi.   Edited 

by  George  Saintsbury,  M.A.    Extra  fcap.  Svo.  2s. 

Quinet's  Lettres  a  sa  Mere.     Selected  and  edited  by  George 

Saintsbury,  M.A.     Extra  fcap.  Svo.  2s. 

Gautier,  Thcophile.     Scenes  of  Travel.     Selected  and  Edited 

by  George  Saintsbury,  M.A.     Extra  fcap.  Svo.  2s. 

L  Eloquence  de  la  CJiaire  et  de  la  Tribune  Francaises.     Edited 

by  Paul  ttlouet,  15. A.     Vol.  1.    Sacred  Oratory.     Extra  fcap.  Svo.  2s.  6</. 
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Edited  by  GTJSTAVE  MASSON,  B.A. 

Corneilles  Cinna.    With  Notes,  Glossary,  etc.   Extra  fcap.  8vo. 

doth,  2s.     Stiff  covers,  is.  6d. 

Louis  XIV  and  his  Contemporaries  ;  as  described  in  Extracts 

from  the  best  Memoirs  of  the  Seventeenth  Century.  With  English  Notes, 
Genealogical  Tables,  &c.  Extra  fcap.  8vo.  2s.  6d. 

Maistre,  Xavier  de.     Voyage  autour  de  ma  Chambre.     Ourika, 

by  Madame  de  Duras;  Le  Vieux  Tailleur,  by  MM.  Erckmann-Chatrian ; 
La  Veillee  de  Vincennes,  by  Alfred  de  Vigny ;  Les  Jumeaux  de  1'Hotel 
Corneille,  by  Edmond  Aboiit ;  Mesaventures  d'un  Ecolier,  by  Rodolphe  Topffer. 
Third  Edition,  Revised  and  Corrected.  Extra  fcap.  Svo.  2s.  6d. 

•    Voyage  autoiir  de  ma  Chambre.     Limp,  is.  6d. 

Moliere' s  Les  Fourberies  de   Scapin,   and   Racine  s  Athalie. 

With  Voltaire's  Life  of  Moliere.    Extra  fcap.  Svo.  2s.  6d. 

MoliMs  Les  Fourberies  de  Scapin.    With  Voltaire's  Life  of 

Moliere.     Extra  fcap.  Svo.  stiff  covers,  i s.  6d. 

Moliere' s  Les  Femmes  Savantes.     With  Notes,  Glossary,  etc. 

Extra  fcap.  Svo.  cloth,  2s.     Stiff  covers,  is.  6d. 

Racine's  Andromaque,  and    Corneille  s  Le  Menteur.      With 

Louis  Racine's  Life  of  his  Father.    Extra  fcap.  Svo.  2s.  6d. 

Regnards  Le  Joueur,  and  Brueys  and  Palaprafs  Le  Grandeur. 

Extra  fcap.  Svo.  2s.  6d. 

1)  Madame  de>  and  her  chief  Contemporaries,  Selections 

from  the  Correspondence  of.  Intended  more  especially  for  Girls'  Schools. 
Extra  fcap.  Svo.  3-r. 

Dante.     Selections  from  the  Inferno.     With  Introduction  and 

Notes.    By  H.  B.  Cotterill,  B.A.    Extra  fcap.  Svo.  4^.  6d. 

Tasso.    La  Gertisalemme  Liberata.     Cantos  i,  ii.     With  In- 
troduction and  Notes.    By  the  same  Editor.    Extra  fcap.  Svo.  is.  6d. 

V.   GERMAN. 

Scherer  (  W.).     A  History  of  German  Literature.    Translated 

from  the  Third  German  Edition  by  Mrs.  F.  Conybeare.  Edited  by  F.  Max 
Miiller.  2  vols.  Svo.  2U. 

Max  Miiller.     The  German  Classics,  from  the  Fourth  to  the 

Nineteenth  Century.  With  Biographical  Notices,  Translations  into  Modern 
German,  and  Note's.  By  F.  Max  Miiller,  M.A.  A  New  Edition,  Revised, 
Enlarged,  and  Adapted  to  Wilhelm  Scherer's  '  History  of  German  Literaiure,' 
by  F.  Lichtenstein.  2  vols.  crown  Svo.  2is. 
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GERMAN  COURSE.    By  HERMANN  LANGE. 
The  Germans  at  Home ;  a  Practical  Introduction  to  German 

Conversation,  with  an  Appendix  containing  the  Essentials  of  German  Grammar. 
Third  Edition.     Svo.   2s.  6d. 

The  German  Manual ;  a  German  Grammar,  Reading  Book, 

and  a  Handbook  of  German  Conversation.    Svo.  Js.  6</. 

Grammar  of  the  German  Language.     8vo.  3^.  6d. 

German  Composition  ;  A  Theoretical  and  Practical  Guide  to 

the  Art  of  Translating  English  Prose  into  German.     Ed.  2.     Svo.  4^.  6d. 

German  Spelling ;   A  Synopsis  of  the  Changes  which  it  has 

undergone  through  the  Government  Regulations  of  iSSo.     Paper  covers,  6d. 


Lessing^s  Laokoon.     With   Introduction,  English  Notes,  etc. 

By  A.  Hamann,  Phil.  Doc.,  M.  A.     Extra  fcap.  Svo.  ^s.  6d. 

Schiller  s  WilJielm  Tell.     Translated  into  English  Verse  by 

E.  Massie,  M.A.    Extra  fcap.  Svo.  5^. 

Also,  Edited  by  C.  A.  BUCHHEIM,  Phil.  Doc. 

Becker  s  Friedrich  der  Grosse.     With  an  Historical  Sketch  of 

the  Rise  cf  Prussia  and  of  the  Times  of  Frederick  the  Great.     With  Map. 
Extra  fcap.  Svo.  3-r.  6</. 

Goethe's  Egmont.  With  a  Life  of  Goethe,  &c.    Third  Edition. 

Extra  fcap.  Svo.  y. 

Iphigenie  auf  Taiiris.     A  Drama.     With  a  Critical  In- 
troduction and  Notes.    Second  Edition.     Extra  fcap.  Svo.  3-r. 

Heine'' s  Prosa^  being  Selections  from  his  Prose  Works.     With 

English  Notes,  etc.     Second  Edition.     Extra  fcap.  Svo.  4-f.  6d. 

Heine's  Harzreise.     With  Life  of  Heine,  Descriptive  Sketch 

of  the  Harz,  and  Index.   Extra  fcap.  Svo.  paper  covers,  is.  6d. ;  cloth,  2s.  6d. 

Lessing's  Minna  von  Barnhclm.     A  Comedy.     With  a  Life 

of  Lessing,'  Critical  Analysis,  etc.     Extra  fcap.  Svo.  3^.  (u/. 

Nathan    der    Weise.     With    Introduction,   Notes,   etc. 

Second  Edition.     Extra  fcap.  Svo.  4*.  6d. 

Schiller's  HistoriscJie  Skizzcn  ;  F.gmoni's  Leben  und  Tod^nd 

Bela;jcriinx  von  Antwerpen,     With  a  Map.     Extra  fcap.  Svo.  2s.  6d. 

Wilhclm    Tell.     With    a    Life    of    Schiller;    an    his- 
torical and  critical  Introduction,  Arguments,  and  a  complete  Commentary 
and  Map.     Sixth  Edition.     Extra  fcap.  Svo.  3^.  6d. 

Wilhclm  Tell.    School  Edition.   With  Map.    2s. 
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Modern  German  Reader.     A  Graduated  Collection  of  Ex- 
tracts in  Prose  and  Poetry  from  Modern  German  writers  : — 

Part  I.     With   English  Notes,   a   Grammatical  Appendix,  and   a   complete 
Vocabulary.  Fourth  Edition.  Extra  fcap.  8vo.  2s.  6d. 

Part  II.    With  English  Notes  and  an  Index.     Extra  fcap.  8vo.  2s.  6d. 

Niebuhrs  Griechische  Heroen-Geschichten.     Tales   of  Greek 

Heroes.   Edited  with  English  Notes  and  a  Vocabulary,  by  Emma  S.  Buchheim. 
School  Edition.     Extra  fcap.  8vo.,  cloth,  2s. 


A  Middle   High   German  Primer.      With  Grammar,  Notes, 

and  Glossary.     By  Joseph  Wright,  Ph.  D.     Extra  fcap.  8vo.  3^.  6d. 


VI.   MATHEMATICS,  PHYSICAL   SCIENCE,  &c. 
By  LEWIS  HENSLEY,  M.A. 

Figures  made  Easy :  a  first  Arithmetic  Book.  Crown  8vo.  6d. 
Answers   to   the  Examples  in  Figures  made  Easy,  together 

with  two  thousand  additional  Examples,  with  Answers.    Crown  8vo.    is. 

The  Scholar's  Arithmetic.     Crown  8vo.     is.  6d. 

Answers  to  the  Examples  in  the  Scholar  s  Arithmetic,     is.  6d. 

The  Scholars  Algebra.     Crown  8vo.     is.  6d. 


Aldis  (W.  S.,  M.A.).     A  Text-Book  of  Algebra:  with  Answers 

to  the  Examples.     Crown  8vo.  'js.  6d. 

Baynes  (R.  E.,  M.A.}.    Lessons  on  Thermodynamics.     1878. 

Crown  8vo.  is.  6d. 

Chambers  (G.   F.,  F.R.A.S.).     A    Handbook   of  Descriptive 

Astronomy.    Third  Edition.     1877.    Demy  8vo.  28^. 

Clarke  (Col.  A.  R.,  C.B..R.E.).    Geodesy.    1880.    8vo.  us.  6d. 

Cremona  (Luigi}.     Elements  of  Projective  Geometry.     Trans- 
lated by  C.  Leudesdorf,  M.A.     Svo.     I2s.  6d. 

Donkin.    Acoustics.     Second  Edition.     Crown  Svo.     *js.  6d. 
Euclid  Revised.      Containing  the  Essentials  of  the  Elements 

of  Plane  Geometry  as  given  by  Euclid   in  his  first  Six  Books.     Edited  by 
R.  C.  J.  Nixon,  M.A.     Crown  Svo.  is,  6d. 

Sold  separately  as  follows, 

Book  I.    is.  Books  I,  II.    is.  6d. 

Books  I-IV.    3.r.  6</.  Books  V,  VI.  3*. 

Euclid. — Geometry  in   Space.     Containing  parts  of  Euclid's 

Eleventh  and  Twelfth  Books.     By  the  same  Editor.     Crown  Svo.  3^.  6d. 
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Galton  (Douglas,  C.B.,  F.R.S.).     The  Construction  of  Healthy 

Dwellings.    Demy  8vo.     los.  6d. 

Hamilton  (Sir  R.  G.  C.),  and  J.  Ball     Book-keeping.     New 

and  enlarged  Edition.    Extra  fcap.  8vo.  limp  cloth,  2s. 

Ruled  Exercise  books  adapted  to  the  above  may  be  had,  price  2s. 

Har court  (A.  G.    Vernon,  M.A.),  and  H.  G.  Madan,  M.A. 

Exercises  in  Practical  Chemistry.  Vol.  I.  Elementary  Exercises.  Fourth 
Edition.  Crown  Svo.  IDJ.  6</. 

Maclarcn  (Archibald}.     A    System  of  Physical  Education  : 

Theoretical  and  Practical.    Extra  fcap.  Svo.  ;j.  6d. 

Madan   (H.   G.,   M.A.}.       Tables    of   Qualitative    Analysis. 

Large  4to.  paper,  ^s.  6d. 

Maxwell  (J.  Clerk,  M.A.,  F.R.S.}.    A  Treatise  on  Electricity 

and  Magnetism.     Second  Edition.     2  vols.  Demy  Svo.  I/,  us.  6d. 

An  Elementary    Treatise    on    Electricity.     Edited    by 

William  Garnett,  M.A.    Demy  Svo.  Js.  6d. 

Minchin  (G.  M.,  M.A.}.  A  Treatise  on  Statics  with  Applica- 
tions to  Physics.  Third  Edition,  Corrected  and  Enlarged.  Vol.  I.  Equili- 
brium of  Coplanar  Forces.  Svo.  gs.  Vol.  II.  Statics.  Svo.  i6s. 

Uniplanar  Kinematics  of  Solids  and  Fluids.     Crown 

Svo.    7^.  6d. 

Phillips  (John,  M.A.,  F.R.S.).     Geology  of  Oxford  and  the 

Valley  of  the  Thames.     1871.   Svo.  2is. 

Vesuvius.    1869.    Crown  Svo.    los.  6d. 

Prestwich  (Joseph,  M.A., F.R.S.).    Geology,  Chemical, Physical, 

and  Stratigraphical.     In  two  Volumes. 
Vol.  I.     Chemical  and  Physical.     Royal  Svo.     25*. 

Vol.  II.    Stratigraphical  and   Physical.     \Vith  a  new  Geographical  Map  of 
Europe.    Royal  Svo.  36^.    Just  published. 

Rolleston  (George,  M.D.,  F.R.S.).      Forms  of  Animal  Life. 

A  Manual  of  Comparative  Anatomy,  with  descriptions  of  selected  types. 
Second  Edition.  Revised  and  enlarged  by  W.  Hatchett  Jackson,  M.A. 
Medium,  Svo.  cloth  extra,  i/.  i6s. 

Smyth.     A   Cycle  of  Celestial  Objects.      Observed,  Reduced, 

and  Discussed  by  Admiral  \V.  II.  Smyth,  R.N.  Revised,  condensed,  and 
greatly  enlarged  by  G.  F.  Chambers,  F.R.A.S.  1881.  Svo.  izs. 

Stewart  (Balfonr,  LL.D.,  F.R.S.).     A  Treatise  on  Heat,  with 

numerous  \Voodcuts   and    Diagrams.     Fourth   Edition.     Extra  fcap.   Svo. 
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Vernon-Harcourt  (L.  F.,  M.A.).     A    Treatise  on  Rivers  and 

Canals,  relating  to  the  Control  and  Improvement  of  Rivers,  and  the  Design, 
Construction,  and  Development  of  Canals.  2  vols.  (Vol.  I,  Text.  Vol.  II, 
Plates.)  8vo.  zu. 

Harbours  and  Docks ;  their  Physical  Features,  History, 

Construction,  Equipment,  and  Maintenance;  with  Statistics  as  to  their  Com- 
mercial Development.  2  vols.  8vo.  25^. 

Walker  (James,  M.A.)     The  Theory  of  a  Physical  Balance. 

Svo.  stiff  cover,  3*.  6d. 

Watson  (H.  W.,  M.A.}.     A   Treatise  on  the  Kinetic  Theory 

of  Gases.     1876.  Svo.  $s.6d. 

Watson  (H.  W.,  D.  Sc.,  F.R.S.),  and  S.  H.  Burbury,  M.A. 

I.  A  Treatise  on  the  Application  of  Generalised  Coordinates  to  the  Kinetics  of 

a  Material  System.     1879.  Svo.  6s. 

II.  The  Mathematical  Theory  of  Electricity  and  Magnetism.     Vol.  I.  Electro- 

statics.    Svo.  JOJ.  bd. 

Williamson   (A.    W.,   Phil.   Doc.,   F.R.S.).      Chemistry  for 

Students.    A  new  Edition,  with  Solutions.     1873.  Extra  fcap.  Svo.  8s.  6d. 


VII.  HISTORY. 

Bluntschli  (J.  K.}.     The  Theory  of  the   State.      By  J.   K. 

Bluntschli,  late  Professor  of  Political  Sciences  in  the  University  of  Heidel- 
berg. Authorised  English  Translation  from  the  Sixth  German  Edition. 
Demy  Svo.  half  bound,  I2s.  6d. 

Finlay  {George,  LL.D.].  A  History  of  Greece  from  its  Con- 
quest by  the  Romans  to  the  present  time,  B.C.  146  to  A.D.  1864.  Anew 
Edition,  revised  throughout,  and  in  part  re-written,  with  considerable  ad- 
ditions, by  the  Author,  and  edited  by  H.  F.  Tozer,  M.A.  7  vols.  Svo.  3/.  IQJ. 

Fortescue   (Sir  John>  Kt.).      The    Governance  of  England: 

otherwise  called  The  Difference  between  an  Absolute  and  a  Limited  Mon- 
archy. A  Revised  Text.  Edited,  with  Introduction,  Notes,  and  Appendices, 
by  Charles  Plummer,  M.A.  Svo.  half  bound,  12s.  bd. 

Freeman  (E.A.,  D.C.L.}.     A   Short  History  of  the  Norman 

Conquest  of  England.    Second  Edition.    Extra  fcap.  Svo.  is.hd. 

George  (H.  B..M.A .).  Genealogical  Tables  illustrative  of  Modern 

History.     Third  Edition,  Revised  and  Enlarged.    Small  410.  12s. 

Hodgkin  (T.).     Italy   and  her    Invaders.      Illustrated    with 

Plates  and  Maps.     Vols.  I— IV,  A.D.  376-553.  Svo.  3/.  8^. 
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Huglics  (Alfred}.     Geography  for  Schools.     With   Diagrams. 

Part  I.     Practical  Geography.     Crown  8vo.   2s.  6d.    Just  PublisJied. 
Part  II.  General  Geography.     In  preparation. 

KitcJiin  (G.  IV.,  D.D.}.   A  History  of  France.  With  numerous 

Maps,  Plans,  and  Tables.  In  Three  Volumes.  Second  Edition.  Crown  8vo. 
each  i  os.  6d. 

Vol.  I.  Down  to  the  Year  1453. 
Vol.11.  From  1453-1624.  Vol.  III.  From  1624-1793. 

Lucas  (C.  P.).     Introduction  to  a  Historical  Geography  of  the 

British  Colonies.     With  Eight  Maps.     Crown  8vo.  4^.  6d. 

Payne  (E.  ?.,  M.A.).     A    History  of  the    United  States  of 

America.     In  the  Press. 

Ranke  (L.  von}.     A  History  of  England,  principally  in  the 

Seventeenth  Century.  Translated  by  Resident  Members  of  the  University  of 
Oxford,  under  the  superintendence  of  G.  W.  Kitchin,  D.D.,  and  C.  W.  Boase, 
M.A.  1875.  6  vols.  8vo.  3/.  3^. 

Rawlinson  (George,  M.A.}.     A  Manual  of  Ancient  History. 

Second  Edition.   Demy  8vo.  14-$-. 

Ricardo.     Letters  of  David  Ricardo  to  Thomas  Robert  Maltlius 

(1810-1823).     Edited  by  James  Bonar,  M.A.     Demy  8vo.  IQS.  6J. 

Rogers  (J.  E.  Thorold,  M.A.}.     The  First  Nine  Years  of  the 

Bank  of  England.     Svo.  8s.  6d. 

Select  Charters  and  other  Illustrations  of  English  Constitutional 

History,  from  the  Earliest  Times  to  the  Reign  of  Edward  I.  Arranged  and 
edited  by  W.  Stubbs,  D.D.  Fifth  Edition.  1883.  Crown  Svo.  8j.  (>,/. 

Stubbs  (  W.,  D.D.}.     The  Constitutional  History  of  England, 

in  its  Origin  and  Development.     Library  Edition.    3  vols.  demy  Svo.  a/.  Ss. 
Also  in  3  vols.  crown  Svo.  price  I2J.  each. 

Seventeen    Lectures    on    the    Study   of  Medieval  and 

Modern  History,  &c.,  delivered  at  Oxford  1867-1884.     Crown  Svo.  8s.  6rf. 

Wellesley.     A   Selection  from    the  Despatches,    Treaties,   and 

other  Papers  of  the  Marquess  Wellesley,  K.G.,  during  his  Government 
of  India.  Edited  by  S.  J.  Owen,  M.A.  1877.  Svo.  \l.  ^s. 

Wellington.     A  Selection  from  the   Despatches,  Treaties,  and 

other  Papers  relating  to  India  of  Field-Marshal  the  Duke  of  Wellington,  K.G. 
Edited  by  S.  J.  Owen,  M.A.  1880.  Svo.  24*. 

A  History  of  British  India.     By  S.  J.  Owen,  M.A.,  Reader 

in  Indian  History  in  the  University  of  Oxford.     In  preparation. 
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VIII.  LAW. 
Alberici   Gentilis,    I.C.D.,   I.C.,    De    lure   Belli   Libri   Tres. 

EdiditT.  E.  Holland,  I.C.D.     1877.     Small  410.  half  morocco,  2is. 

Anson  (Sir  William  R.,  Bart.,  D.C.L.).     Principles   of  the 

English  Law  of  Contract,  and  of  Agency  in  its  Relation  to  Contract.  Fourth 
Edition.  Demy  Svo.  ioj.  6d. 

Law  and  Custom  of  the  Constitution.     Part  I.     Parlia- 
ment.   Demy  Svo.  ioj.  6d. 

Bentham  (Jeremy).      An  Introduction   to  the  Principles  of 

Morals  and  Legislation.    Crown  Svo.  6s.  6d. 

Digby  (Kenelm  E.,  M.A.).    An  Introduction  to  the  History  of 

the  Law  of  Real  Property .    Third  Edition.    Demy  Svo.    los.  6d. 

Gaii  Institutionum  Juris  Civilis  Commentarii  Quattuor ;  or, 

Elements  of  Roman  Law  by  Gaius.  With  a  Translation  and  Commentary 
by  Edward  Poste,  M.A.  Second  Edition.  1875.  Svo.  iSj. 

Hall  (  W.  E.,  M.A.).  International  Law.    Second  Ed.  Svo.  2 1  s. 
Holland  (T.  E.,  D.C.L. \     The  Elements  of  Jurisprudence. 

Fourth  Edition.     Demy  Svo.  lew.  6d. 

-  The  European  Concert  in  the  Eastern  Question,  a  Col- 
lection of  Treaties  and  other  Public  Acts.  Edited,  with  Introductions  and 
Notes,  by  Thomas  Erskine  Holland,  D.C.L.  Svo.  \2s.  6d. 

Imperatoris  lustiniani  Institutionum  Libri  Quattuor ;    with 

Introductions,  Commentary.  Excursus  and  Translation.  By  J.E.  Moyle,  B.C.L., 
M.A.  2  vols.  Demy  Svo.  2U. 

Jttstinian,   The  Institutes   of,  edited   as   a  recension  of  the 

Institutes  of  Gaius,  by  Thomas  Erskine  Holland,  D.C.L.  Second  Edition, 
1 88 1.  Extra  fcap.  Svo.  5.5-. 

Justinian,  Select  Titles  from  the  Digest  of.   By  T.  E.  Holland, 

D.C.L.,  and  C.  L.  Shadwell,  B.C.L.    Svo.  14^. 

Also  sold  in  Parts,  in  paper  covers,  as  follows : — 

Part  I.  Introductory  Titles.     2s.  6d.  Part  II.  Family  Law.     is. 

Part  III.  Property  Law.     2s.  6d.      Part  IV.  Law  of  Obligations  (No.  i).    35.  6d. 

Part  IV.  Law  of  Obligations  (No.  2).     45.  6d. 

Lex  Aquilia.      The  Roman  Law   of  Damage  to   Property : 

being  a  Commentary  on  the  Title  of  the  Digest  '  Ad  Legem  Aquiliam  '  (ix.  2). 
With  an  Introduction  to  the  Study  of  the  Corpus  luris  Civilis.  By  Erwin 
Grueber,  Dr.  Jur.,  M.A.  Demy  Svo.  los.  6d. 


3'8  CLARENDON  PRESS,  OXFORD. 

Markby  (  W.,  D.C.L.}.    Elements  of  LaiU  Considered  with  refer- 
ence to  Principles  of  General  Jurisprudence.  Third  Edition.  Demy  Svo.  I2s.6d. 

Stokes  (  Whitley,  D.C.L.}.     The  Anglo-Indian  Codes. 
Vol.    I.     Substantive  Law.     Svo.  30^. 
Vol.  II.     Adjective  Law.     In  the  Press. 

Tzuiss  (Sir  Tr avers,  D.C.L .).    The  Law  of  Nations  considered 

as  Independent  Political  Communities. 
Part  I.  On  the  Rights  and  Duties  of  Nations  in  time  of  Peace.    A  new  Edition, 

Revised  and  Enlarged.  1884.  Demy  Svo.  15^. 
Part  II.  On  the  Rights  and  Duties  of  Nations  in  Time  of  War.     Second  Edition, 

Revised.    1875.  Demy  Svo.  21  s. 


IX.    MENTAL    AND    MORAL    PHILOSOPHY,  &c. 

Bacon  s  Novum  Organnm.     Edited,  with  English  Notes,  by 

G.  W.  Kitchin,  D.D.     1855.     Svo.  9^.  6rf. 

Translated  by  G.  W.  Kitchin,  D.D.    1855.  Svo.  qs.  6d. 

Berkeley.     The    Works  of  George  Berkeley,  D.D.,   formerly 

Bishop  of  Cloyne ;    including   many  of  his  writings  hitherto  unpublished.. 
"With  Prefaces,  Annotations,  and  an  Account  of  his  Life  and  Philosophy, 
by  Alexander  Campbell  Fraser,  M. A.     4  vols.     1871.     Svo.  2/.  iSj. 
The  Life,  Letters,  &c.     i  vol.  i6s. 

Berkeley.     Selections  from.     With  an  Introduction  and  Notes. 

For  the  use  of  Students  in  the  Universities.     By  Alexander  Campbell  Fraser, 
LL.D.     Third  Edition.     Crown  Svo.  7*.  6d. 

Fowler  ( T.,  D.D.}.    The  Elements  of  Deductive  Logic,  designed 

mainly  for  the  use  of  Junior  Students  in  the  Universities.     Ninth  Edition, 
with  a  Collection  of  Examples.    Extra  fcap.  Svo.  3-r.  6d. 

The  Elements  of  Inductive  Logic,  designed  mainly  for 

the  use  of  Students  in  the  Universities.  Fourth  Edition.  Extra  fcap.  Svo.  6s. 

-  and  Wilson  (J.  M.,  B.D.}.     The  Principles  of  Morals 

(Introductory  Chapters).     Svo.  boards,  $s.  6d. 

•  The  Principles  of  Morals.     Part  II.     (Being  the  Body 

of  the  Work.)     Svo.     los.  6d. 

Edited  by  T.  FOWLER,  D.D. 

Bacon.    Novum  Organum.     With   Introduction,  Notes,  &c. 

1878.    Svo.  14*. 

Locke's    Conduct   of  the    Understanding.      Second    Edition. 

Extra  fcap.  Svo.  2s. 
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Danson  (J.  T.).     The  Wealth  of  Households*     Crown  8vo.  5-c» 
Green  (T.  H.,  M.A.).     Prolegomena   to   Ethics.      Edited   by 

A.  C.  Bradley,  M.A.     Demy  Svo.  1 2s.  6d. 

Hegel.  TJie  Logic  of  Hegel ;  translated  from  the  Encyclo- 
paedia of  the  Philosophical  Sciences.  With  Prolegomena  by  William 
Wallace,  M.A.  1874.  8vo-  14*- 

Lotze's  Logic,  in  Three  Books ;   of  Thought,  of  Investigation, 

and  of -Knowledge.     English  Translation;   Edited  by  B.  Bosanquet,  M.A., 
Fellow  of  University  College,  Oxford.    Svo.  cloth,  I2s.  6d. 


—  MetaphysiCy   in   Three   Books;    Ontology,    Cosmology, 

and    Psychology.      English  Translati 
Second  Edition.     2  vols.    Crown  Svo. 


and    Psychology.     English  Translation ;    Edited  by   B.   Bosanquet,    M.A. 
"  EC" 


Martineau  (James,  D.D.).    Types  of  Ethical  Theory.    Second 

Edition.     2  vols.     Crown  Svo.  15^. 

A  Study  of  Religion  :  its  Sources  and  Contents.     1  vols. 


Svo.  24$-. 

Rogers  (J.  E.  Thorold,  M.A.).  A  Manual  of  Political  Economy -, 

for  the  use  of  Schools.    Third  Edition.     Extra  fcap.  Svo.  4J1.  6d. 

Smith's  Wealth  of  Nations.    A  new  Edition,  with  Notes,  by 

J.  E.  Thorold  Rogers,  M.A.     2  vols.  Svo.     1880.21;. 


X.     PINE  ART. 

Butler  (A.  J.,  M.A.,  F.S.A.)     The  Ancient  Coptic  Churches  of 

Egypt.     2  vols.  Svo.  3OJ. 
Head  {Barclay  V.}.    Historia  Numormn.    A  Mamial  of  Greek 

Numismatics.     Royal  Svo.  half  morocco,  42^. 
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